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Abstract—A notion of safe sliding manifold is introduced aiming at the design of robust controllers ensuring asymptotic stability of uncertain systems while
their trajectories avoid a given region of the state
space. The proposal of this manifold is based on a class
of energy functions used for a nominal safe control
design. The robust design presented complements state
of the art controllers where only safe and ultimate
boundedness of the uncertain system trajectories can
be achieved.
Index Terms—Safe control, sliding mode control,
Lyapunov redesign, robust satabilization

I. Introduction
Control design of a given system might not only look at
stabilizing (in any sense) the trajectories of the system in
closed-loop, but also at ensuring that they avoid a given
region of the state space. The so-called safe control design
deals with the latter. The early work in [4, 10] addressed
this problem within the framework of differential games.
More recent work includes barrier certificates [12], and the
proposal of the notion of Control Barrier Functions (CBF)
[15]. Under the last line, two different approaches looking
for achieving both stability and safety of the system were
presented later on in [2] and [13]. The notion of CBF to
design safe controllers has been successfully used in, e.g.
adaptive cruise control [1] and obstacle evasion problems
in robotics [11], [7].
As recognized in [14] and [8], disturbances might jeopardize the safety and stability properties of the control
design, which motivates the robustification problem of
safe controllers. Inspired by the concept of Input to State
Stability (ISS), [14] and [8] introduced the notion of Input
to State Safety (ISSf) in order to guarantee robustness
of the safe control design against some class of disturbances. Although safety is guaranteed, in neither of both
approaches asymptotic stability is ensured.
In this note, we propose a robust controller that guarantees asymptotic stability and safety of the system despite the presence of disturbances and uncertainties. The
proposal, which relies on the the Sliding Mode Control
(SMC) framework, is grounded on the notion of a safe
sliding manifold of relative degree one, which up to the
best of the authors’ knowledge is presented for the first
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time in the literature. Our starting point is the approach
in [13]. More specifically, we propose a sliding manifold
that has no intersection with the set of unsafe states
departing from the class of energy functions used for the
nominal control design. The proposal takes inspiration
from Lyapunov redesign ideas [4, 6, 9] in that an energy
function associated to the system is used to robustify the
nominal control design.
The proposed sliding manifold provides a region of the
state space where it is ensured that perturbations are
theoretically compensated if a sliding mode is enforced.
We then propose a robust controller that guarantees that
the trajectories of the system converge to the safe sliding
manifold in finite time where they remain there in for
all future time while sliding safely and robustly to the
origin. Although the general idea of the proposed scheme is
conventional within the framework of SMC, it is worthy of
mention that the nature of the manifold demands a careful
treatment when used for a robust safe control design.
In fact, as we shall see throughout the manuscript, the
robust controller consists of two control laws operating
in different regions of the state space. Different from the
robust control schemes proposed in e.g., [14] and [8],
here the robustification of the controller ensures that the
trajectories remain still safe after reaching the sliding set
in a finite time and asymptotically converge to the origin
in the presence of matched perturbations.
In the next section, the problem is formulated and
the preliminaries are settled down. The main result is
presented in Section III. There, we first formally define
the safe sliding manifold, and then use it to robustify the
corresponding nominal control. The proposed ideas are
illustrated by a numerical example in Section IV. We end
with some concluding remarks in Section V.
Notation: For a given set A ⊂ Rn , [A] denotes the
closure and ∂A represents the boundary of the set. The
∂f
. The
gradient of a function f : Rn → R is denoted by
∂x
rest of the used notation is standard.
II. Problem formulation and preliminaries
We consider systems of the form
ẋ(t) =f (x) + g(x)((Im + ∆g (t, x))u(t) + δ(t, x)),
x(t0 ) =x0 , t0 ≥ 0,

(1)

where x(t) ∈ Rn and u(t) ∈ Rm are the state and the control input, respectively, f : Rn → Rn and g : Rn → Rn×m
are locally Lipschitz, ∆g : [0, ∞) × Rn → Rm×m and
δ : [0, ∞) × Rn → Rm , which characterize the uncertain
terms and disturbances, are measurable functions in t
and continuous in x. We suppose that the uncertain and
disturbance terms are bounded, i.e. the functions δ and
∆g satisfy the following:
Assumption 1. There exists a known measurable function
ρ : [0, ∞) → R such that kδ(t, x)k ≤ ρ(t) for all (t, x) ∈
[0, ∞) × Rn .
Assumption 2. There exists a positive real number ε such
that k∆g (t, x)k ≤ ε < 1 for all (t, x) ∈ [0, ∞) × Rn .
Moreover,


1
(∆g (t, x) + ∆Tg (t, x)) ≥ µ ∀(t, x) ∈ [0, ∞)×Rn ,
λmin
2
where µ > −1.
We are interested in solving the problem of robust
stabilization of the origin while ensuring that the solution
of the system does no enter to a given unsafe set. To do
this, we propose a control law conformed by the sum of a
nominal and a robust design
u(t) = unom (t) + urob (t).

(2)

Let the nominal system be defined as
ẋ(t) =f (x) + g(x)unom (t)
x(t0 ) =x0 .

nor an appropriate candidate for function W . A constructive methodology to design the nominal controller unom
in (3) is proposed inspired by the Sontag formula and
the merging of Control Lyapunov Functions (CLF) and
Control Barrier Functions (CBF). Similar to a CLF, a
CBF is defined as follows: Given the open set D ⊂ Rn ,
the continuously differentiable function B : Rn → R is
called Control Barrier Function if it satisfies:
1) B(x) > 0 for all x ∈ D 

∂B
∂B
n
f (x) ≤ 0 for all x ∈ x ∈ R \ D :
g(x) = 0 .
2)
∂x
∂x
n
3) U := {x ∈ R : B(x) ≤ 0} =
6 ∅.
The following theorem shows how to construct the
nominal control unom to achieve asymptotic stability while
maintaining system (3) safe 1 .
Theorem 1. [13, Proposition 3] Consider a CLF V :
Rn → R and a CBF B : Rn → R, both continuously
differentiable, such that
c1 kxk2 ≤ V (x) ≤ c2 kxk2 ∀x ∈ Rn , c2 > c1 > 0,
and
B(x) = −,  > 0 ∀x ∈ Rn \ X ,
respectively, where X is a compact and connected set
satisfying D ⊂ X and 0 ∈
/ X . Let
W (x) = V (x) + λB(x) + κ,

(3)

Definition 1. [13] Let X0 ⊂ Rn be the set of initial
conditions containing the origin. System (3) (resp. system
(1)) is safe if for any x0 ∈ X0 ⊂ Rn there exists unom
(resp. u) such that the closed-loop solution x(t) ∈
/ [D] for
all t ≥ t0 , where the set D, so-called unsafe set, is open
and D ∩ X0 = ∅.
The problem of rendering closed-loop system (3) asymptotically stable, i.e. x = 0 is Lyapunov stable and
limt→∞ kx(t)k = 0, and safe has already been addressed
previously; see, e.g., [2, 13]. In this work, we rely on
the approach proposed by [13], which is build off of the
following proposition:
Proposition 1. Let D be an open set characterizing the
unsafe states. System (3) is safe and asymptotically stable
with a feedback control unom (t) = α(x(t)) if there exists
a radially unbounded, lower bounded and continuously
differentiable function W : Rn → R such that the following
holds:
1) W (x) > 0 for all x ∈ D
∂W
2)
(f (x) + g(x)α(x)) < 0 ∀x ∈ Rn \ (D ∪ {0})
∂x
3) U := {x ∈ Rn : W (x) ≤ 0} =
6 ∅.
4) [Rn \ (D ∪ U)] ∩ [D] = ∅.
Notice that the previous proposition does not provide
a systematic method for finding the nominal control law

(4)

c2 c3 − c1 c4
, κ = −c1 c4 , c3 := maxx∈∂X kxk2 and
with λ >
ε 2
c4 := minx∈∂X kxk and

p
 a + a2 + γkbk4
−
b
b 6= 0
unom (t) =
(5)
bT b

0
otherwise
∂W
∂W
where a :=
f (x), b :=
g(x) and γ > 0. System
∂x
∂x
(3) in closed-loop with unom is asymptotically stable and
safe for a subset of initial conditions X0 = Rn \ D0 , with
D0 := {x ∈ X : W (x) > 0} and D ⊂ D0 .
Observe that to synthesize a controller a relaxed set, D0 ,
containing the unsafe set is used; see also [4]. The fundamental assumption from which we depart is supported on
Proposition 1 and Theorem 1:
Assumption 3. Let the set D0 be defined as in Theorem 1.
There exists a radially unbounded, lower bounded and twotimes continuously differentiable function W0 : Rn → R,
constructed as in (4), such that
1) W0 (x) > 0 for all x ∈ D0
∂W0
2)
(f (x) + g(x)unom (t)) < 0 ∀x ∈ Rn \ (D0 ∪ {0})
∂x
3) U := {x ∈ Rn : W0 (x) ≤ 0} =
6 ∅.
1 As shown in [3], Theorem 1 is only valid for a subset of X \ D .
0
0
In this note, we consider that the initial condition is chosen in such
a way that the nominal control indeed makes the system safe and
asymptotically stable.

4) [Rn \ (D0 ∪ U)] ∩ [D0 ] = ∅.
In contrast with Proposition 1 and Theorem 1, we ask
for functions that are two-times continuously differentiable, which enables us to define a continuous function as
a sliding variable in the forthcoming section. By Proposition 1, the above assumption already implies that system
(3) is safe and asymptotically stable.
If Assumption 3 holds, we have that the time derivative
of the function W0 along the solutions of the closed-loop
system (1), (2) satisfies
∂W0
d
=
W0 (x(t))
(f (x) + g(x)unom (t))
dt
∂x
(1)
∂W0
+
g(x) (∆g (t, x)u(t) + urob (t) + δ(t, x))
∂x
∂W0
g(x) (∆g (t, x)u(t) + urob (t) + δ(t, x))
≤
∂x

(6)

∀x ∈ Rn \ (D0 ∪ {0}). It is clear that the indefinite sign
of the above time-derivative does not allow one to ensure
that the uncertain system is stable and safe.
As shown within the next section, to compensate the
perturbation and ensure that the trajectories of the system
do not enter to the unsafe set
 D, we force the
 trajectories
∂W0
to slide on the set given by
g(x) = 0 .
∂x
III. Safe sliding mode control
Relying on SMC theory, we look for recovering stability
and safety of the uncertain system (1). In the first subsection, we set the basic idea of classical Lyapunov Redesign
within our problem setting; in the second subsection, we
formally define a safe sliding manifold, which is used in the
third one for the robustification of the nominal control.
A. Safe Lyapunov Redesign
Lyapunov redesign in the sense of [5, 9] consists in
forcing the time-derivative of a Lyapunov function, whose
sign is indefinite due to uncertain and perturbation terms,
to be negative via a unit control. From expression (6), a
natural extension of this approach rises within the problem
of robust safe control.
Let us define

T
∂W0
σ(t) := g T (x)
, x ∈ Rn .
∂x
By choosing
urob (t) = νη (t) := −kη (t, x)

σ(t)
kσ(t)k

with
kη (t, x) ≥

1
(εkunom (t)k + ρ(t)) ,
1+µ

(7)

where ε and t 7→ ρ(t) are from Assumption 1 and Assumption 2, we get for all (t, x) ∈ [0, ∞) × Rn
σ T (t)(∆g (t, x)unom (t) + (∆g (t, x) + I)urob (t) + δ(t, x))
≤ kσ(t)k (k∆g (t, x)kkunom (t)k + kδ(t, x)k)
− kη (t, x)(µ + 1)kσ(t)k ≤ 0.
Then, from (6), we have that
d
W0 (x(t))
dt

< 0 ∀x(t) ∈ Rn \ (D0 ∪ {0}),
(1)

implying that the uncertain system is safe and asymptotically stable. While unit control (7) robustifies the constructed nominal control, it does not ensure convergence
to any manifold within which the perturbation can be
compensated, as it is the case in robust design based on
SMC. However, as shown in Subsection III-C, control (7)
is useful in the overall scheme.
B. Safe sliding manifold
By Assumption 3, the function t 7→ σ(t) is continuous.
We define
Ssf := {x(t) ∈ Rn \ D0η : σ(t) ≡ 0}
as sliding manifold, where
D0η := {x ∈ X : W0 (x) > η} ,
and η is a given negative number. The number η can be
computed as
(8)
η = max W0 (x),
x∈Xw

with
Xw := {x ∈ ∂X : σ(t) = 0}.
Notice that for x(t) ∈ X ⊂ Rn the manifold Ssf is defined
on the set X \ D0η = {x ∈ X : W0 (x) ≤ η}. The set Xw is
empty if σ(t) = 0 does not intersect the set X , whereas X \
D0η is not empty. This is guaranteed since, by construction,
W0 satisfies
W0 (x) < 0 ∀x ∈ ∂X .
The latter is deduced as follows (cf. proof of Proposition
3 in [13]):
W0 (x) =V (x) + λB(x) − c1 c4
≤c2 kxk2 − λ − c1 c4
<c2 c3 − (c2 c3 − c1 c4 ) − c1 c4 = 0, x ∈ ∂X .
Clearly, D ⊂ D0 ⊂ D0η ; see Figure 1. Since D ⊂ D0η ,
it holds by definition that Ssf ∩ D = ∅, which motivates
naming Ssf a safe sliding manifold with respect to the set
D. At first glance the chain of set inclusions might be
overwhelming. However, recall that the current control design departed from a nominal control design that ensures
avoidance of an already enlarged unsafe set D0 . Definition
of the set Rn \ D0η , on which the sliding manifold Ssf is
defined, is justified next.
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Fig. 1. Sets X , D0η , D0 , D and their relations.
n

First, for x ∈ R , there is no guarantee that the
manifold


∂W0
g(x) = 0
∂x
avoids the unsafe set D. Second, it might be disconnected
because of the nature of the energy function W0 . Take, for
instance, the CLF V (x) = x21 + x1 x2 + x22 and the CBF

1
1
 −
−
2 1 − x2
1
−
(x
−
2)
1
B(x) =
2 − e−4 ,
∀x ∈ X ,
 e
−4
−e ,
otherwise
where X = (1, 3) × (−1, 1), used within Example 1 in [13]
and revisited in Section IV in this note. There, the unsafe
set D of a two-dimensional system is characterized by


1
1
+
<4 .
(9)
D= x∈X :
1 − (x1 − 2)2
1 − x22
The function W0 (x) is then proposed according to Theorem 1 as
W0 (x) = V (x) + λB(x) + κ,
(10)
with λ = 1000 and κ = −0.7. Direct calculations lead to
the directional derivative
  
∂W0 0
p(x)
∀x ∈ X
=
,
x1 + 2x2 , ∀x ∈ Rn \ X
∂x 1

2


1
1
+
2
2
e x2 − 1 (x1 − 2) − 1
p(x) = x1 + 2x2 − 2λx2
.
(x22 − 1)2
 
∂W0 0
The set D and the level curve
= 0 are depicted
∂x 1
on Figure 2 in red and blue
 lines, respectively,
  where

0
n ∂W0
it is evident that the set x ∈ R :
= 0 is
∂x 1
disconnected and there is a subset of it that belongs to
the unsafe set D. The above discussion motivates the
following:

1

2

3

Fig. 2. Left panel: ∂X (continuous line in black), boundary of D
(dash line in red) and manifold {x ∈ Rn : σ(t) ≡ 0} (continuous line
in blue) in the plane (x1 , x2 ). Right panel: Zoom of the figure on the
left with boundary of X \ D0η with η chosen as in (8) (continuous
line in green). The details of the computation of η are presented in
Section IV.

C. Robust stabilization and safety
With a well-defined sliding manifold, we now focus on
proposing a control law such that σ(t) ≡ 0 for all t ≥ T ∗ ,
that clearly induces a negative sign in the time-derivative
(6) after a finite time T ∗ . The robust control law urob
presented in this section is constructed by the one in (7)
and one introduced in what follows. For the latter, we draw
from the standard theoretical framework of SMC.
Let us assume the following:
∂σ
Assumption 5. The matrix g0 (x) :=
g(x) is non∂x
singular for all x ∈ Rn .
Assumption 5 ensures that the relative degree of the
sliding variable dynamics is well-defined and equal to
one, hence a method for enforcing a sliding mode can be
adopted to solve the mentioned above control problem.
This is obtained by choosing the following control law
ν(t) = −k(t, x)

where


4

σ̄(t)
,
kσ̄(t)k

x ∈ Rn \ D0η

with σ̄(t) = g0T (x)σ(t) and the gain k(t, x) selected such
that
ρ0 (t, x) + q
.
k(t, x) ≥
1+µ
Here, q is a given positive number and
∂σ
(f (x) + g(x)unom (t))
∂x
+ εkunom (t)k + ρ(t),

ρ0 (t, x) = g0−1 (x)

Assumption 4. There exists η < 0 such that the set Ssf
is connected.

where all the terms are known. The overall robust control
is set as

ν(t), x ∈ Rn \ D0η
urob (t) =
(11)
νη (t),
x ∈ D0η .

Assumption 4 is satisfied for the discussed example by
choosing η as suggested by (8). This is illustrated in the
right panel of Figure 2, where the continuous line in green
depicts the boundary of X \ D0η , which correctly excludes
the disconnected closed curve.

Lemma 1. Suppose that Assumptions 1, 2, 3, 4 and 5 are
satisfied. The solution of system (1) in closed-loop with
u(t) = unom (t) + urob (t), with unom and urob given by (5)
and (11), respectively, converges to the sliding manifold Ssf
in a finite time T ∗ . Moreover, x(t) ∈
/ D for all t ∈ [t0 , T ∗ ].

Proof. We provide a sketch of the proof. Without loss of
generality, suppose that x0 ∈ D0η \ D0 . The proof can be
split into two parts relying on the results presented in [13]
for the analysis of the nominal system. First, it can be
proven that there exists T0 > t0 such that x(T0 ) ∈ Rn \D0η ,
i.e. the trajectories eventually leave D0η , without entering
to the set D. Second, a standard Lyapunov analysis of the
dynamics of σ allows proving that any trajectory starting
in Rn \ D0η at a time T1 ≥ t0 converges to Ssf in a finite
time
kσ(T1 )k
.
T ? = T1 + √ p
q 2 2λmin (g0 (x)g0T (x))
That x(t) remains within Rn \ D0η on t ∈ [T1 , T ? ) before
reaching the manifold Ssf is implied from the fact that T ?
can be made arbitrarily close to T1 by choosing q large
enough. The statement of the lemma clearly follows from
these two facts.
The next theorem immediately follows from Lemma 1.
Theorem 2. Suppose that Assumptions 1, 2, 3, 4 and 5
are satisfied. The solution of system (1) in closed-loop with
u(t) = unom (t) + urob (t), with unom and urob given by (5)
and (11), respectively, is safe and asymptotically stable.
Proof. The theorem follows from the fact that, for x(t) ∈
Ssf , the dynamics are


∂σ
−1
ẋ(t) = I − g(x)g0 (x)
(f (x) + g(x)unom ) . (12)
∂x
The above system is already safe with respect to the set D
since Ssf ∩ D = ∅. The asymptotic stability can be proved
by following the same arguments as those used within the
proof of [13, Proposition 1].
IV. Numerical simulation
We illustrate the theoretical results presented throughout this note. We take up the example proposed in [13]
with uncertain terms, which is in the form (1) with


 
x2
0
f (x) =
and g(x) =
,
−s(x2 ) − x1
1

where s(x2 ) = 0.8 + 0.2e−100|x2 | tanh(10x2 ) + x2 . For
simulation we consider the function δ(t) = 10 sin(10t) as
the disturbance term. The unsafe region in the (x1 , x2 )plane is characterized by the set D in (9); see Figure 2.
The function W0 given by (10) and with this, the nominal
control unom is constructed as in (5) with γ = 2. The
sliding variable is
  
∂W0 0
p(x)
∀x ∈ X \ D0η
=
,
σ(t) =
x1 + 2x2 , ∀x ∈ Rn \ X
∂x 1
where X \ D0η = {x ∈ X : W0 (x) ≤ η}. Let us show
now how to compute the number η. Let x ∈ Rn \
X be such
that σ(t) = 0, then x1 = −2x2 and

Xw = x ∈ R2 : x = (2, −1), x = (1, −0.5) . Evaluating
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Fig. 3. Results of numerical simulation for two initial conditions.
Left panel: Solution of the system in closed-loop with the nominal
control (5). Right panel: Solution of the system in closed-loop with
the robust control u(t) = unom + urob .

the function W0 (x) on (x1 , x2 ) = (−2x2 , x2 ) = (2, −1) ∈
∂X , we get W0 (x) = −16.0156. By continuity of the sliding
variable σ, we can choose η = −16.0156.
The results of the numerical simulation of the system
in closed-loop with u(t) = unom (t) and u(t) = unom (t) +
urob (t) are displayed, respectively, on the left and right
columns of Figure 3. For the robust controller we choose
q = 10 and ρ(t) = 10 for all t ≥ 0. The simulation is
performed for two initial conditions. The solution corresponding to x0 = [1.05 0.2]T is shown in the top, whereas
the one to x0 = [1.2 1.1]T is depicted in the bottom.
Notice that the first initial condition belongs to the set
X \ D0η . In both cases the trajectories hit the safe manifold
Ssf and after that they remain there in to converge safely
and asymptotically to the origin despite the disturbance
term.
V. Conclusion
We presented a new safe robust control scheme for a
general class of uncertain systems. The proposal relies on
the notion of a safe sliding manifold. Ongoing research
work consists in considering multiple unsafe sets and
application to robotic systems.
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