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Abstract—Structure from Motion (SfM) is a proficient technique for 3D reconstruction from multiple views. However, its
potentials could only be seen after the development of computer
and digital photograph especially in the developing countries.
Nowadays, SfM is applied in many applicative scenarios ranging
from earth observation to heritage documentation. An important
task in SfM that has been solved just recently in practice is
bundle adjustment, which is accomplished through nonlinear
least-squares optimization based on Levenberg–Marquardt (LM)
algorithm. The aim of this paper is to present an experimental validation of the most popular open-source optimization
frameworks, which implanted LM algorithm for solving bundle
adjustment in SfM. For this purpose, the comparison among
their performance is conducted by using bundle adjustment in
the large benchmark.
Index Terms—Structure from Motion, Bundle Adjustment,
Levenberg–Marquardt Algorithm, Nonlinear Optimization.

I. I NTRODUCTION
Structure from Motion (SfM) is a proficient technique
for 3D reconstruction from multiple views [1]. However, its
potentials could only be seen after the developments of the
computers and digital photographs especially in the developing
countries. Nowadays, SfM is applied many applicative scenarios ranging from earth observation to heritage documentation
[2]. After the development of 3D printers, the possibility to
create realistic 3D models from photographs makes the process
of coping real object much easier, without the modeling
process that could be really hard depending on the complexity
of the object. However, not only the development of 3D
printers brings new use cases for the photogrammetry. The
late popularization of drones allowed the acquisition of aerial
photographs without the need of a big aircraft, creating new
opportunities to photogrammetry.
An important task in SfM that has been solved just recently
in practice is bundle adjustment. Its purpose is to optimize
simultaneously the camera pose and 3D structure of the scene
[3]. Once the camera pose and the 3D structure have been
estimated from the 2D features extracted in the images. Then,
in the ideal case, the projections of the 3D points in the
images using the projection matrices coincide perfectly with
the extracted 2D feature points. However, deviations from

978-1-6654-5508-4/22/$31.00 ©2022 IEEE

this ideal solution will occur due to measurements’ noise.
Therefore, it is the goal of bundle adjustment in order to
minimize the reprojection errors by adapting the position of
the 3D points and the parameters of the cameras. For this
reason, bundle adjustment has become an important task in
SfM [4].
Levenberg–Marquardt (LM) or also known as the damped
least-squares algorithm has proven to be the most successful
technique for solving bundle adjustment. Due to its ease of
implementation and use of an effective damping strategy that
assists it the ability to converge quickly from a wide range
of initial guesses. By iteratively linearizing the function to be
minimized in the neighborhood of the current estimate, the
LM algorithm involves the solution of linear systems termed
the normal equations. However, bundle adjustment has been
solved just recently in practice due to memory and efficiency
requirements [5-6].
The contribution of this paper to present an experimental validation of the most popular open-source optimization
frameworks, which implanted LM for bundle adjustment in
SfM. Therefore, the comparison among their performance is
conducted by using bundle adjustment in the large benchmark.
The performance of each approach is evaluated in terms of
reprojection error and processing time.
The rest of this paper is structured as follows. Section II
presents the camera model. Section III presents the bundle
adjustment procedure in SfM. Section IV presents the review
and classification of optimization frameworks for solving
bundle adjustment. Section V presents the comparative results.
Section VI gives the conclusions and future works.
II. C AMERA M ODELLING
In order to explain the purpose of bundle adjustment in SfM,
firstly, a coordinate system is required. There are mainly two
types of coordinate systems in SfM as shown in Fig. 1, one
is the camera coordinate system (i.e.C), and the other is the
world coordinate system (i.e.W ).
Let’s assume a 3D point X(X, Y, Z) that is projected into a
2D point x(u, v) in the image plane. Then the transformation

The reprojection function f is given as follows.
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Where ρji is an indicator function with ρji = 1 if the point X j
is visible in the ith camera; otherwise, ρji = 0.
A valid solution for K1 [R1 T1 ], K2 [R2 T2 ], K3 [R3 T3 ], . . . and
X 1 , X 2 , X 3 , . . . must let the reprojection errors of (7) as
minima as possible.
Note that some other parameters of the camera such as skew
factor and radial distortion can be included as well in (7).
The pseudo code of LM algorithm is described in details
in [1] and the full algorithm of incremental SfM with bundle
adjustment can be found in [7].

Fig. 1. Coordinate Systems.

that relates the camera coordinate system to the world coordinate system by using homogenous coordinates for linear
mapping from 3D to 2D is given by the following equation.
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Where s denotes the skew factor. f denotes the focal
length.[R|T ] is the external calibration matrix. R is 3 × 3
rotation matrix. T is a 1 × 3 translation vector. Equation (1)
can be rewritten as follows.
x = K[R|T ]X

(2)

Where K is the internal calibration matrix.
Equation (2) can be rewritten as follows.
x = MX

(3)

Where M = K[R|T ] is the camera projection matrix.
Another intrinsic parameter in camera modelling is the
radial distortion that is defined by the following equation.
r = u2 + v 2
Then, the equation of correction is given as follow.
(
uc = u(1 + k1 r2 + k2 r4 + k3 r+ 6)
vc = v(1 + k1 r2 + k2 r4 + k3 r+ 6)

(4)

(5)

Where (uc , vc ) is the image coordinate after correction.
k1 , k2 and k3 are constants.
III. B UNDLE A DJUSTMENT A LGORITHM IN S F M
Let’s consider a simple setup that is composed of three
images as shown in Fig. 2, where the 3D point (i.e. X j ) is
visible in every image. Suppose that the projection matrices
and the 3D points have been already estimated from the
corresponding 2D features extracted previously in the images.
Therefore, the reprojection error vector  is given as follows.
 = xji − Mi X j
1, . . . , m, xji

(6)

is the 2D image point,
With i = 1, 2, . . . , n, j =
Mi is the unknown camera matrix, and X j is the estimated
3D point.

Fig. 2. Bundle adjust of 3D point in multiple views.

IV. R EVIEW AND C LASSIFICATION OF O PTIMIZATION
F RAMEWORKS
This section presents a review of the famous open source
bundle adjustment frameworks, which are classified in this paper into general purpose solvers and specific bundle adjustment
solvers.
A. General purpose solvers
These solvers implement different approaches that are useful
for many tasks in robotics and computer vision such as pose
estimation, image stitching, 3D reconstruction, etc...
1) GSTAM: Georgia tech smoothing and mapping [8] is
a C++ library based on factors graph. It provides state of
the art solutions to the SLAM and SfM problems. It also
provides a MATLAB interface which allows for rapid prototype development, visualization, and user interaction. GTSAM
exploits sparsity to be computationally efficient. Typically
measurements only provide information on the relationship
between a handful of variables, and hence the resulting factor
graph will be sparsely connected. This is exploited by the
algorithms implemented in GTSAM to reduce computational
complexity. The implemented solvers are LM, Gauss-Newton,
the conjugate gradient optimizer, Dogleg, and iSAM: incremental smoothing and mapping.

2) g2o: General graph optimization [9] is another open
source C++ library for batch optimization of functions that
can be embedded in a graph. It’s a framework for optimizing
graph-based nonlinear error functions. g2o has been designed
to be easily extensible to a wide range of problems and a new
problem typically can be specified in a few lines of code. The
current implementation provides solutions to several variants
of BA. Relevant problems falling into this class are graphbased SLAM and SfM, two fundamental and highly related
problems in robotics and computer vision. The implemented
solvers are LM, Gauss-Newton and Powell’s Dogleg.
3) Google Ceres Solver: Ceres [10] is an open source
C++ library for modeling and solving large, complicated
optimization tasks with large scale data. It has been used
in production at Google since 2010. It can be used to solve
non-linear least squares problems with bounds constraints and
general unconstrained optimization problems. It is a mature,
feature rich, and performant library that is widely adopted
in computer vision and robotics applications. Ceres allows to
define the objective function and select the solver in a flexible
manner. The implemented solvers are LM, Powell’s Dogleg
and line search. Ceres has been used in many SfM systems
due it effectiveness and robustness for solving BA in large
scale datasets.
B. Specific BA solvers
These solvers implement LM algorithm and are mainly
dedicated to bundle adjust the 3D reconstruction in SfM.
1) SBA: A generic sparse bundle adjustment [11] that is
a C/C++ package based on the LM algorithm. SBA has
been implemented with special emphasis on flexibility and
performance efficiency. It is a specialized LM variant that
is tailored to fit the sparseness commonly encountered in
SfM problems. To achieve this, SBA employs a scheme that
partitions the normal matrix into distinct camera and structure
blocks and solves the (sparse) normal equations by employing
the sparse Schur complement of the points sub matrix. By
adopting this scheme, SBA can effectively deal with very large
reconstruction problems.
2) SSBA: A sparse SBA system [12] that takes advantage
of sparse secondary structure in the SBA problem to perform
efficient optimization. It constructs a sparse Hessian matrix
using sparse ordered storage for its sub-blocks. SSBA outperforms the standard SBA library by over an order of magnitude
on typical mapping datasets, which have sparse secondary
structure. It is also faster than SBA on more dense datasets.
3) Multi core BA: A parallel-accelerated implementation of
BA [13] for multicore CPU and GPU processors. The major
advantage of this library is to exploit hardware parallelism
for efficiently solving large scale 3D scene reconstruction
problems. By restructuring the non-linear optimization problem, the overall computation becomes dominated by series of
simple matrix-vector operations. The matrix-vector operations
are then parallelized with a combination of multi-threading
and SIMD (Single Instruction Multiple Data).

V. E XPERIMENTAL R ESULTS
This section presents a comparison between the optimization frameworks described in the previous section. The comparison is conducted with BAL benchmark that is released for
the first time at the ECCV 2010 conference [14]. This is the
biggest dataset for evaluating BA algorithms up to now.
The whole BAL dataset includes five sub-datasets and each
one includes inequality sequences. Therefore, four sequences
are selected in this paper from each sub-dataset for performance evaluation. The details of the selected sequences are
listed in Table 1. The initial error (in pixels) that is indicated
in Table 1 is computed without BA.
Now, the same solver that is LM algorithm is chosen
for all the optimization frameworks for comparison. The
performances of these approaches are evaluated in terms of
reprojection error and computation time.
Figure 2 shows the results for reprojection errors (in pixels)
of each method, in which Ceres has the smallest values in all
sequences. While Figure 3 illustrates the computation times (in
seconds) of each approach where Ceres has the fastest speed
among these compared methods.
Therefore, as it was expected, it is concluded from Figure 2
and Figure 3 that Ceres solver offers the best performance for
all the sequences of Table 1 in comparison to other approaches
in terms of accuracy in minimization of the reprojection errors
and speed of optimization.
TABLE I
SELECTED SEQUENCES FROM BAL BENCHMARK
Sequence
Trafalgar
Dubrovnik
Venice
Final

Cameras
225
308
1776
4585

3D points
57,665
195,089
993,909
1,324,582

Projections
208,622
1,045,197
5,001,859
9,125,125

Initial Errors
226.039
164.968
102.522
132.135

Fig. 3. Comparison between reprojection errors.

Fig. 5. 3D point cloud of Trafalgar
Fig. 4. Comparison between processing times.

VI. C ONCLUSION
This paper presents firstly a review of the prevalent optimization frameworks with open source code for solving
bundle adjustment in SfM and SLAM applications. This
review mainly includes the following approaches, GSTAM,
g2o, SBA, SSBA, PBA and Ceres solver. These frameworks
are classified in this paper into (i) general purpose optimization
solvers (GSTAM, g2o and Ceres), and (ii) specific BA solvers
(SBA, SSBA and PBA). These are the best and the most used
optimization frameworks for solving bundle adjustment in the
literature.
After that, a comparative study is conducted between these
approaches by using BAL benchmark. The comparative results
demonstrated that Ceres solver is capable to offer the best
performance in terms of quality of reconstruction, scalability
and sensitivity to settings as it was expected, despite it is a
general purpose optimization solver. Moreover, Ceres solver
has a simple application programming interface (API) with
straight forward modeling of the problem.
Future direction of this study, is the implementation of LM
algorithm based on parallel computing technology for solving
bundle adjustment in features-based 3D reconstruction in order
to generate optimization results which are competitive to the
state-of-the-art approaches for the case of large and very large
scale problems.

Fig. 6. 3D point cloud of Dubrovnik

A PPENDIX
This section shows the point clouds with cameras for each
dataset. The point clouds are rendered by COLMAP [15].
The 3D point clouds are depicted from fig.5 to Fig.8.
Cameras are indicated with red frames, while 3D points are
shown with black dots.

Fig. 7. 3D point cloud of Final

Fig. 8. 3D point cloud of Venice
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