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Abstract—This article presents the tuning of a Modified Model
Reference Adaptive Controller (MMRAC) through the Particle
Swarm Optimization algorithm (PSO). The MMRAC is applied
to the velocity control of a DC motor and its main idea is to add
damping to eliminate the oscillations in its transitory response. In
order to tune the parameters of the MMRAC, the PSO algorithm
takes into account the restrictions encountered in the Lyapunov
stability analysis to establish the set of feasible solutions. A
key feature of the proposed tuning method is that the fitness
function employed in the PSO algorithm uses an upper bound
of the Lyapunov function time derivative to penalize solutions
that lead to instability. Only upper and lower bounds on the
parameters of a model of the DC motor are known. In this
way, the dynamic simulations executed during the optimization
performed by the PSO employ the average of these bounds.
Finally, real-time experiments are performed using a DC motor
driving different inertia disks to verify that the parameters of the
MMRAC tuned through the PSO are useful despite the changes
in the DC motor parameters.
Index Terms—Model Reference Adaptive Control, PSO algorithm, Controller tuning, DC motor, velocity control, real-time
experiments.

a compensator fed by the tracking error. The compensator is
also introduced in the system under control. A feedback error
is also introduced in the reference model for counteracting the
effects of disturbances and measurement noise, and an update
law with a novel leakage term is also employed to estimate
the unknown parameters.
Regarding the tuning of adaptive controllers and to the
best of the authors’ knowledge, there have not been previous
work on this subject. Being an adaptive controller nonlinear in
nature, its tuning may be cumbersome an tedious. This issue
is particularly important when applying an adaptive controller
in practice. Trial and error procedures for tuning adaptive
controller may lead to poor closed-loop performance thus
making necessary to develop tuning methodologies for these
controllers.
This work has the following goals:
•
•

I. I NTRODUCTION
The tuning of the parameters of an adaptive controller is a
key issue to improve the performance of a closed-loop system.
In particular, this work focuses on Model Reference Adaptive
Control (MRAC), which is a classic subject of research [1],
[2]. However, a well-known fact about this control law is that
it may produce violent transient responses, which in many
cases are oscillatory thus leading to poor performance. An
approach to mitigate this problem is to use schemes based on
the commutation among several linear models, each of them
describing the plant under control at several operation points
[3]. A control law is designed for each model and an algorithm
chooses the control law leading to the best performance. A
drawback of this approach is that as the number of models
increases the implementation becomes troublesome. For instance, in [4] the authors employ 24 models for controlling a
direct drive robot.
On the other hand, references [5], [6] study MRAC algorithms which are not based on commutation schemes. These
approaches add a term to the classic MRAC that depends on
the tracking error [5] or on the identification error [6]. The
approach pursued in [7] modifies the reference model through
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To propose a Modified Model Reference Adaptive Control (MMRAC) for controlling the speed of a DC motor.
To tune the proposed MMRAC using a Particle Swarm
Optimization (PSO) algorithm.

The MRAC proposed here is rather different from the
adaptive controllers described earlier. In this case, the idea
is to add damping through an extra proportional term in the
control law to attenuate the oscillations during the transitory
response of the closed-loop system. A Lyapunov Stability
analysis allows concluding Uniform Ultimate Boundedness
Stability of the closed-loop system.
On the other hand, a key feature of the PSO algorithm
implemented in this work is that, besides the absolute value
of the velocity tracking error, its fitness function uses the
upper bound of the time derivative of the Lyapunov function
employed in the stability analysis. In this way, an unstable
solution produced by the dynamic simulation increases the
value of the fitness function which in turn helps discarding
this solution in the optimization procedure performed by the
PSO.
The prior knowledge on the parameters of the plant under
control to implement the PSO algorithm corresponds to their
upper and lower bounds. The averages of these bounds are
used in the dynamic simulations to tune the adaptive controller.
It is then expected that once tuned the MMRAC, its perfor-

mance remains without significant changes if the parameters
of the DC motor changes inside the bounds.
An outline of this article is as follows: Section II presents
the theory of the MMRAC algorithm. Section III introduces
the theory about the PSO algorithm. Section IV shows the
implementation of the PSO algorithm to tune the MMRAC.
Section V presents the outcomes of real-time experiments on
a laboratory prototype. Finally, the article ends with some
conclusions and future work.

such that f, γ1 , γ2 ∈ R+ and f is the cutoff frequency of the
filter.
Substituting the control law (11) into the error dynamics (4)
produces:
ė =

+(θ̃2 + θ2 )r + sign(b)keF ) − d
=
=

LAW

=
(1)

+

where x ∈ R, a ∈ R, b ∈ R and d ∈ R is a bounded
perturbation. Now, consider the next reference model:
(2)

such that xm ∈ R α, β ∈ R+ and r ∈ R is the input signal of
the reference model.
Defining the tracking error e ∈ R and calculating its first
two time derivatives with respect to time yields:
e = xm − x

(3)

ė = ẋm − ẋ = −αxm + βr + ax − bu − d

(4)

Define the following parametrizations:
−α + a
(5)
θ1 :=
b
β
θ2 :=
(6)
b
Since parameters a and b are assumed unknown, let the
estimates of θ1 and θ2 be denoted as θ̂1 and θ̂2 . The parametric
errors are also defined as follows:
θ̃1 = θ̂1 − θ1

(7)

θ̃2 = θ̂2 − θ2

(8)

θ̂1 = θ̃1 + θ1

(9)
(10)

Now, consider the next MMRAC law which depends on the
parameter estimates θ̂1 and θ̂2 :
(11)

where k ∈ R+ and eF is the filtered error. The dynamics of
eF and of the adaptive parameters θ̂1 and θ̂2 are defined as
follows:
ėF = −f eF + f e
(12)
˙
θ̂1 = sign(b)γ1 xe − κγ1 |e|θ̂1

(13)

˙
θ̂2 = sign(b)γ2 re − κγ2 |e|θ̂2

(14)

(15)

1 2 1 2
1
1
e + eF + |b|γ1−1 θ̃12 + |b|γ2−1 θ̃22
2
2
2
2

(16)

The time derivative of (16) along the trajectories of (12),
(13), (14) and (15) is:
= −αe2 − |b|keF e − f e2F + f eF e

V̇

−κ|b||e|θ̃1 θ̂1 − κ|e||b|θ̃2 θ̂2 − de
The next equality follows from (9) and (10):

2
1
1
θ̃i θ̂i = θ̃i + θi − θi2 ; i = 1, 2
2
4

(17)

(18)

Replacing (18) into (17) yields:
V̇

=

−αe2 − |b|keF e − f e2F + f eF e − de

2
1
1
−κ|e∥b| θ̃1 + θ1 + κ|e||b|θ12
2
4
2

1
1
−κ|e|b| θ̃2 + θ2 + κ|e||b|θ22
2
4

(19)

which finally allows obtaining the following upper bound:

Solving the above equations for θ̂1 and θ̂2 produce:
θ̂2 = θ̃2 + θ2

−αe − b(θ̃1 x + θ̃2 r) − |b|keF − d

To analyze the stability of the closed-loop system the
following Lyapunov candidate function is defined:
V =

u = θ̂1 x + θ̂2 r + sign(b)keF

−αxm + βr + ax − (−α + a)x − βr
−b(θ̃1 x + θ̃2 r) − |b|keF − d

Consider the following dynamic system:

ẋm = −αxm + βr

−αxm + βr + ax − b(θ1 x + θ2 r)
−b(θ̃1 x + θ̃2 r) − |b|keF − d

II. M ODIFIED M ODEL R EFERENCE A DAPTIVE C ONTROL

ẋ = −ax + bu + d

−αxm + βr + ax − b((θ̃1 + θ1 )x

V̇


2
1
|b|k − f
≤ V̇ := − α e +
eF
2
α


f
(|b|k − f )2 2
1
−
− α
eF
2
α
α2

2
h
1
σi
1
− κ|e||b| θ̃1 + θ1
− α|e| |e| −
2
α
2

2
1
−κ|e||b| θ̃2 + θ2
(20)
2

1
κ|b|(θ12 + θ22 ) + |d|. If αf > (|b|k − f )2 , then
4
V̇ ≤ 0 and consequently V̇ ≤ 0 is satisfied if e > σ/α.
Therefore, the solutions of the closed-loop system are Uniformly Ultimately Bounded. In other words, the closed-loop
system is stable if V̇ ≤ 0.

where σ =

III. PARTICLE S WARM O PTIMIZATION
The Particle Swarm Optimization (PSO) algorithm is a
widely used swarm intelligence method since it generates
good results in a variety of complex optimization problems in
several different areas [8]. This algorithm has the particularity
to be easy to implement, is computationally efficient, works
with a few assumptions about the optimization problem, and
can explore and exploit large spaces of potential solutions. The
aforementioned are the reasons to employ this meta-heuristic
in this work.
Proposed in 1995 by Kennedy and Eberhart [9], the PSO
algorithm was inspired by the behavior of bird flocks. The
algorithm is composed of particles, which are potential solutions of the optimization problem, that perform changes in
position called ”flights” over the search space where each
change uses information from its own experience, i.e., its better
position memory, and from the position of the best particle
of the swarm. Knowledge of the best positions are obtained
from an evaluation of a fitness function. Such social-cognitive
behavior seeks to minimize the fitness function. This work
uses a variation of the original PSO algorithm presented in
[10]. This variation add an inertia weight ω in the discretetime dynamic that describes the evolution of the velocity. This
variation is implemented in this work since ω significantly
affects the convergence, exploration and exploitation of the
PSO algorithm.
A. Theory
The PSO algorithm is composed of a swarm of n particles
zi (k) ∈ RD such that i ∈ [1, ..., n], and D ∈ N is the
dimension of the search space. For each particle, there is a
velocity vector vi (k) ∈ RD . The PSO algorithm minimizes
a fitness function J : RD → R. The following discrete-time
dynamics describe the evolution of the velocity and position
of each particle respectively:
vd,i (k + 1)

=

ωvi (k)

(21)

zi (k) + vi (k + 1)

arg min f (zi (s))

gBest(k)

=

arg

0≤s≤k

min

0≤s≤k,1≤j≤n

f (zj (s))

where d = 1, . . . , D.
IV. I MPLEMENTATION OF THE PSO ALGORITHM

ā = 2, b̄ = 50

where the initial conditions are zd,i (0) = rand() and vd,i (0) =
0 such that d = 1, . . . , D, and rand() is the uniformly
distributed pseudo random numbers function. The parameter
ω ∈ [0, 1) is called the inertia weight and c1 ∈ [0, 1],
c2 ∈ [0, 1] are called the learning factors. The terms pBest(k, i)
and gBest(k) are defined as follows:
=

z (k + 1)
d,i
 zd,i (k + 1) if min(Ωd ) < zd,i (k + 1) < max(Ωd )
min(Ωd ) if min(Ωd ) > zd,i (k + 1)
(25)
=

max(Ωd ) if max(Ωd ) < zd,i (k + 1)

(24)

(22)

pBest(k, i)

called Ω ∈ RD . In this paper, the Projection Boundary method
[11] is implemented in the PSO algorithm to limit the particle
positions to the set Ω. In this technique, if an element of the
solution zi (k + 1) falls out of Ω, the Projection Boundary
method projects it to the boundary of Ω. This is represented
next:

(23)

+c2 rand()(gBest(k) − zi (k))
=

Figure 1: Pseudocode of the PSO algorithm.

In order to tune off-line the MMRAC, it is necessary to
know the plant model to perform the dynamic simulations
needed in the PSO algorithm.
In this case, the parameters of the plant are assumed
unknown. Nevertheless, lower and upper bounds of the parameters are known beforehand, and to perform the dynamic
simulations, the average of these bounds are employed.
In the case of the velocity control of a DC motor the
model is described by (1) where x corresponds to the angular
velocity of the DC motor. The upper and lower bounds for
each parameter are amin = 0.5, amax = 3.5, bmin = 30, and
bmax = 70, then, the average of these parameters are:

+c1 rand()(pBest(k, i) − zi (k))
zd,i (k + 1)

1) Begin
2) Create a random initial swarm zi (k) ∀i
3) Evaluate the fitness function J(zi (k)) ∀i
4) Calculate pBest(k, i) ∀i
5) Calculate gBest(k)
6) While stop condition == False
7)
For i = 1 to N P Do
8)
Compute the velocity vector vi (k + 1)
9)
Perform the flight zi (k + 1)
10)
Apply the Projection Boundary method [11]
11)
Evaluate the fitness function J(zi (k))
12)
Calculate pBest(k, i)
13)
End For
14)
Calculate gBest(k)
15) End While
16) End

The pseudocode of the classic PSO algorithm is shown in
Figure 1.
Since the PSO does not explicitly consider the limits of the
elements of the position vector, it is required to define a set of
feasible solutions where the search space is valid. This set is

(26)

The parameters of the MMRAC to be tuned are found in
(11), (13) and (14), which corresponds to k, γ1 , γ2 , and κ.
Therefore, for the dynamic simulations the dimension of the
particles is D = 4, and the particles are defined as zi (k) =
[γ1 , γ2 , k, κ]⊤ .

On the other hand, the fitness function J that the PSO aims
to minimize is:
Z ∞

˙ dt
(27)
|e| + exp(V̄)
J=
0

where e = r − x is the tracking error, r is a filtered square
wave reference signal , exp() is the exponential function and
V̄˙ is defined in (28):

2
1
|b̄|k − f
˙
V̄ : = − α e +
eF
2
α


1
f
(|b̄|k − f )2 2
− α
eF
−
2
α
α2

2
h
1
1
σ̄ i
− α|e| |e| −
− κ|e||b̄| θ̃1s + θ̄1
2
α
2

2
1
−κ|e||b̄| θ̃2s + θ̄2
(28)
2
where
1
κ|b̄|(θ̄12 + θ̄22 ) + |d|
(29)
4
θ̃is = θ̂i − θ̄i , i = 1, 2
(30)
−α + ā
θ̄1 =
(31)
b̄
β
(32)
θ̄2 =
b̄
Finally, according to the stability analysis the set of feasible
solutions is:
σ̄

Ω

=

=

[γ1 , γ2 , k, κ|γ1 ∈ (0, ∞), k2 ∈ (0, ∞),
αf > (|b̄|k − f )2 , κ ∈ (0, ∞)]

(33)

and the cutoff frequency f of the filter (12) is set to 300 rad/s.
Therefore, the optimization problem is defined as follows:
min J
subject to Ω

(34)

It is worth noticing that the set Ω is not necessary for
implementing the PSO because the term V̇ takes it implicitly
into account. However, the set is included as a safety feature.
Moreover, during the dynamic simulations, the maximum
values for the terms γ1 , γ2 , k, κ are set to 100.
V. R EAL - TIME EXPERIMENTS
The experiments are carried out using a platform depicted
in Figure 3. The state-space model used in the dynamic
simulations is:
ẋs = −āxs + b̄u
(35)
where the parameters are defined in (26). In order to apply the
MMRAC, we select α = 100 and β = 100 for the dynamics of
the reference model (2). The control law applied to the motor
corresponds to equations (11)-(14).
First, the irace package [12] is used to tune the PSO
parameters. The tuning process gives a number of n = 28
particles, a maximum of N P = 95 iterations, an inertia weight
of ω = 0.7 and values of the learning parameters of c1 = 0.9

and c2 = 0.94. Each run of the algorithm stops after 2660
(n×NP) evaluations.
To obtain the minimization of the fitness function J (27),
a sampling of 30 independent runs with the same initial
parameters are carried out.
The values of the MMRAC parameters produced by the
PSO algorithm are:

γ1 = 1.29

(36)

γ2 = 0.42

(37)

k = 2.24

(38)

κ = 0.81

(39)

The associated statistical results are shown in Table I where
it is observed that the value of the fitness function resulting
from the gains obtained from the optimization presents a
standard deviation close to zero. Therefore, the behavior of
the PSO algorithm is consistent. The computation time taken
to obtain the statistical results is 20 min. Each run takes around
4 min. Nevertheless by parallel processing we obtain the 30
samplings in 20 min.
Now, the control law (11)-(14) is implemented with the
parameters (36)-(39) produced by the PSO algorithm using
the MatLab/Simulink software under the WINCON real-time
environment from QUANSER Consulting. The implementation employs an integration period of 1ms with the Euler
integration method. Three experiments are performed using
different inertia disks as the load for the motor. Figure 2
depicts the small, medium and the large disk, where the latter
is the combination of the first two.
Figure 4 shows the response of the closed-loop system.
Note that the response profile is essentially the same for the
three inertia disks. On the other hand, Figure 5 shows the
corresponding control signal. In this case, note that the control
effort increases for large inertia values.
In order to quantitatively measure the performance of the
closed-loop system, the following indexes are used for this
purpose: the Integral Squared Error (ISE), the Integral of
the Absolute Value of the Control (IAC), and the Integral
of the Absolute Value of the Control Variation (IACV). The
expressions of the integrals are depicted in (40) and are
evaluated in T1 = 1.5s and T2 = 2.5s.

Minimum
Median
Average
Standard deviation

Value of J
0.9040
0.9040
0.9040
2.8888e−7

TABLE I: Statistical results from the optimization performed
by the PSO algorithm.
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Figure 2: Inertia disks employed in the experiments.
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Figure 3: Experimental platform.
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ISE
14.23
44.84
69.28

IAC
2.198
3.49
4.617

(b) Amplified closed-loop response.

IACV
146.1
144.5
151.3

Figure 4: Closed-loop response.

TABLE II: Values of the performance indexes ISE, IAC and
IACV.

be necessary to add more weight to the tracking error in the
fitness function (27).
VI. C ONCLUSIONS

Z
ISE

T2

=

e2 (t)dt

T1
T2

Z
IAC

|u(t)|dt

=
T1
Z T2

IACV

=
T1

(40)

du(t)
dt
dt

Table II shows that increasing the inertia driven by the motor
the values of the indexes increase. However, the values for the
IACV index remain similar. These results suggest that it may

The preliminary results reported in this work show that the
tuning of the adaptive controller by means of a Particle Swarm
Optimization algorithm produces adequate performance in face
of large changes in the inertia driven by the DC motor.
As future work, the proposed tuning approach will be
extended to the case of the adaptive control of n dimensional
linear systems. Other fitness functions that include terms
related to the control signal will be considered as well as other
adaptive controllers.
R EFERENCES
[1] Shankar Sastry, Marc Bodson, and James F Bartram. Adaptive control:
stability, convergence, and robustness, 1990.

1

[10] Grigori Sidorov. Inteligencia Artificial. Alfa-Omega, 2018.
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