2022 19th International Conference on Electrical Engineering, Computing Science and Automatic Control (CCE)
Mexico City, Mexico. November 9-11, 2022

Observer Design for a Duffing-Holmes System with
Uncertainties
Suresh Thenozhi, Ulises Mondragón Cárdenas

Antonio Concha Sánchez

Faculty of Engineering
Autonomous University of Queretaro
Queretaro, Mexico
suresh@uaq.mx, umondragon21@alumnos.uaq.mx

Faculty of Mechanical and Electrical Engineering
University of Colima
Colima, Mexico
aconcha@ucol.mx

Abstract—This paper presents a nonlinear extended state
observer design for a Duffing-Holmes system with uncertainties.
The proposed observer uses the available position measurement
to estimate the velocity and system uncertainties. The stability
of the proposed observer is theoretically established utilizing the
Gronwall-Bellman inequality and its performance is validated
through simulation studies.
Index Terms—Duffing-Holmes oscillator, extended state observer, Gronwall-Bellman inequality, locally Lipschitz.

I. I NTRODUCTION
Estimation of unknown states of a system is one of the main
problems of modern control theory, where a proper choice of
an observer can improve the control performance [1]. Different
types of observer designs can be found in the literature. One
way to classify them is based on the information they estimate.
The most common observer reconstructs the system state
variables [2]. Another observer, called disturbance observer
[3], is mainly used to estimate the external disturbance acting
on the system. On the other hand, an extended state observer
(ESO) is usually employed to estimate both system states and
the uncertainties. Due to this feature, numerous applications
and variations of ESO have been reported in the literature [4],
[5].
Another critical aspect of the observer design is its stability
analysis, whose complexity varies with the nature of the
system dynamics and the observer design. The most common
technique is to use Lyapunov’s direct method, where an appropriate Lyapunov function is used to show the convergence of
the observer estimation error [6], [7]. The Lyapunov method
can also be formulated as Linear Matrix Inequalities (LMI),
where the observer gains are numerically calculated by solving
the matrix inequalities [8], [9].
In this paper, we propose a nonlinear extended state observer (NESO) for the Duffing-Holmes system. We assume
that the position is available from measurements and system
parameters are partially known. Based on this assumption,
the proposed NESO is designed to estimate the velocity and
the remaining parametric and unmodeled dynamics of the
system. The estimation of the parametric uncertainty is a
particular case of interest for the Duffing-Holmes system since
its dynamics is susceptible to parameter changes due to its
chaotic behavior [10]. The convergence of the estimation error
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is theoretically demonstrated. Compared to the Lyapunovbased methods, the presented analysis explicitly solves the
system error dynamics using Gronwall-Bellman inequality to
demonstrate the relationship between the observer gain and
the estimation error. Finally, simulation studies are presented
to demonstrate the effectiveness of the proposed observer.
The paper is organized as follows. Section II formulated
the problem under study. Section III presents the observer
design for Duffing-Holmes systems and its stability is analyzed
in Section IV. Simulation results for the proposed observer
are presented in section V. Finally, Section VI provides the
conclusions of this paper.
II. P ROBLEM F ORMULATION
Consider the following Duffing-Holmes system
ẍ + 2ζ ẋ − x + βx3 = F

(1)

where ẍ, ẋ, and x are the acceleration, velocity and position,
respectively, and F is the external input. Moreover, the parameters ζ and β are the damping and nonlinear stiffness
coefficients, respectively. By letting x1 = x and x2 = ẋ, the
system (1) can be represented in the following state-space form
ẋ1
ẋ2

= x2
= x1 − βx31 − 2ζx2 + F

(2)
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Fig. 1: A physical Duffing-Holmes system.
There exist many physical systems that can be modeled
using the Duffing-Holmes equation, such as the one shown
in Fig. 1, where a periodically forced ferromagnetic elastic
beam is deflected toward the two permanent magnets. Usually,

the position of the free end of the elastic beam is obtained
via laser-based position sensors, whereas the velocity is unavailable from measurement. Moreover, the system parameters
are not precisely known and the system contains unmodeled
dynamics [11].
In the present study, we assume that the position of the
system (2) is available for measurements and nominal values
of the parameters are known, then it can be rewritten as
ẋ1
ẋ2
y

=
=

x2
x1 − βn x31 − 2ζn x2 − (β − βn )x31
−2(ζ − ζn )x2 + χ + F
= x1

where e = [e1 , e2 , e3 ]T ,






−3ωo 1 0
0
0
x)  , ∆ =  0  .
A =  −3ωo2 0 1  , Φ =  ϕ(x) − ϕ(b
−ωo3 0 0
0
ġ
The characteristic polynomial of the observer matrix A is
p(s) = (s + ωo )3 = 0. By choosing ωo > 0, A is Hurwitz
with three repeated eigenvalues at λi = −ωo < 0, i = 1, 2, 3.
Thus, for every ϵ > 0, such that ρ = (ωo − ϵ) > 0, there exists
a positive constant µ that satisfies the following inequality

(3)

expAt ≤ µ exp−ρt ,

t≥0

(9)

where βn and ζn represent the nominal values of β and
ζ respectively, χ is the unmodeled dynamics, and y is the
position measurement output.

b, t) and the
In addition, the nonlinear function vector Φ(x, x
uncertainty vector ∆(t) in (8) have the following characteristics.

Assumption 1. The parameters satisfy

Remark 1 (Lipschitz condition). The nonlinear function
ϕ(x) is locally Lipschitz within a compact set Ωx =
b ∈ Rn : ∥x∥ ≤ r, ∥b
{x, x
x∥ ≤ r}, hence there exists a positive
constant L such that

β, βn ∈ Ωβ ≜ {β : 0 < βmin < β < βmax }
ζ, ζn ∈ Ωζ ≜ {ζ : 0 < ζmin < ζ < ζmax }

(4)

Hence, the terms (β − βn ) and (ζ − ζn ) are constants and are
bounded.
Assumption 2. The unmodeled dynamics χ is a smooth and
bounded disturbance function. Hence, χ̇ is bounded as well.
The main objective is to design a NESO to estimate the
velocity and system uncertainties from the position measurement.
III. O BSERVER D ESIGN
Let us define ϕ(x) = x1 − βn x31 − 2ζn x2 , the new extended
state x3 = χ−(β −βn )x31 −2(ζ −ζn )x2 = g, and its dynamics
ẋ3 = ġ, we obtain
ẋ1
ẋ2
ẋ3

= x2
= x3 + ϕ(x) + F
= ġ

= x
b2 + 3ωo (x1 − x
b1 )
= x
b3 + ϕ(b
x) + F + 3ωo2 (x1 − x
b1 )
= ωo3 (x1 − x
b1 )

= e2 − 3ωo e1
= e3 + ϕ(x) − ϕ(b
x) − 3ωo2 e1
3
= ġ − ωo e1

(6)

(7)

which can be represented in the following matrix form
b, t) + ∆(t)
ė(t) = Ae(t) + Φ(x, x

x∈Ωx

≤

∞





∂ϕ(x) ∂ϕ(x)
∂ϕ(x)
=
,
= 1 − 3βn x21 , −2ζn
∂x
∂x1
∂x2

(11)

and leads to L = 1 + 3βn r2 + 2ζn . Moreover, using (4), we
have
L = 1 + 3βmax r2 + 2ζmax
(12)
Proposition 1 (Boundness of ∆). The vector ∆(t) in (8) is
bounded.
Proof. The boundness of the signal

where ωo is the only tuning parameter of the observer, and it
represents the bandwidth of observer. Defining the estimation
error ei = xi − x
bi for i = 1, 2, 3, the error dynamics between
the system (5) and the NESO (6) becomes
ė1
ė2
ė3

Note that the Lipschitz constant L satisfies L
, where
sup ∂ϕ(x)
∂x

(5)

where x3 represents the uncertainty of the system.
Now, consider the following NESO design for the system
represented in (5)
x
b˙ 1
x
b˙ 2
x
b˙ 3

b∥ = L ∥e(t)∥ , ∀{x, x
b } ⊂ Ωx
|ϕ(x) − ϕ(b
x)| ≤ L ∥x − x
(10)

(8)

ġ = χ̇ − 3(β − βn )x21 x2 − 2(ζ − ζn )ẋ2

(13)

is shown below.
• According to Assumptions 1 and 2, the terms (β − βn ),
(ζ − ζn ), and χ̇ are bounded.
• For F = 0, the states of (5) converge from any initial
condition to one
p of the stable equilibrium points at
(x∗1 , x∗2 ) = (± 1/β, 0). On the other hand, in the
presence of external input F , the states oscillate around
these equilibrium points [10], [11]. Then, the signal ẋ2 ,
and the states x1 and x2 are bounded.
¯
Hence, it can be concluded that ∥∆(t)∥ ≤ ∆.
IV. A NALYSIS OF NESO E RROR DYNAMICS
This section presents the stability analysis of the proposed
observer. For that, we use Gronwall-Bellman inequality provided below.

Lemma 1 (Gronwall-Bellman Inequality [12]). Let h1 (t) :
[0, t1 ] → R and h2 (t) : [0, t1 ] → R+ two continuous
functions. If a continuous function v(t) : [0, t1 ] → R satisfies
Z t
h2 (τ )v(τ )dτ,
0 ≤ t ≤ t1
(14)
v(t) ≤ h1 (t) +
0

then on the same interval
Z t
Rt
h1 (τ )h2 (τ ) exp τ h2 (s)ds dτ
v(t) ≤ h1 (t) +

(15)

0

The convergence of the estimation error e(t) produced by
the observer (6) is provided in the following theorem.
Theorem 1. Consider the Duffing-Holmes system represented
in (5), where the nonlinear function ϕ(x) satisfies (10) with
the Lipschitz constant L represented in (12), and its states and
uncertainties are estimated using the NESO (6). By choosing
the observer gain ωo > 0 such that ρ > µL, the estimation
error e(t) represented in (8) converges exponentially to a
bounded ball with radius Λ defined in (21).
Proof. The solution of the error dynamics (8) is
Z t
b, τ )dτ
e(t) = expAt e(0) +
expA(t−τ ) Φ(x, x
0
Z t
+
expA(t−τ ) ∆(τ )dτ

(16)

0

Using (9) and (10), the last expression satisfies the following
inequality
¯

∆µ
∥e(t)∥ ≤ µ exp−ρt ∥e(0)∥ +
1 − exp−ρt
ρ
Z t
+ exp−ρt
µL ∥e(τ )∥ expρτ dτ

(17)

0

Multiplying the above expression with expρt , we get
¯

∆µ
expρt −1
∥e(t)∥ expρt ≤ µ ∥e(0)∥ +
ρ
Z t
+
µL ∥e(τ )∥ expρτ dτ

(18)

0

Now, choosing v(t) = ∥e(t)∥ expρt , h1 (t) = µ ∥e(0)∥ +
¯
∆µ
ρt
ρ (exp −1) and h2 (t) = µL, and applying the GronwallBellman inequality from Lemma 1, we get
¯

∆µ
∥e(t)∥ expρt ≤ µ ∥e(0)∥ +
expρt −1
ρ

Z t
¯
∆µ
ρτ
+
µ ∥e(0)∥ +
(exp −1) µL expµL(t−τ ) dτ
ρ
0
(19)
Simplifying after the integration, we obtain
∥e(t)∥ expρt ≤ µ ∥e(0)∥ expµLt +Λ expρt − expµLt
where


¯ 
∆µ
µL
Λ=
1+
ρ
(ρ − µL)



(20)

(21)

which is a positive constant. Finally, multiplying both sides
by exp−ρt , we get
∥e(t)∥ ≤ exp(µL−ρ)t (µ ∥e(0)∥ − Λ) + Λ,

t≥0

(22)

Then by choosing ρ > µL, the estimation error e(t) is
b converges
bounded, meaning that the estimated state vector x
exponentially to a bounded ball with radius Λ around the
system state vector x.
The above proof demonstrates that a faster convergence rate
and a smaller radius Λ of the estimation error e(t) can be
obtained by increasing ωo since it is proportional to ρ. On
the other hand, it is worth noting that the parameters µ and
L are difficult to calculate in practical scenarios, therefore
the exact value of ρ is also unavailable. However, the error
dynamics represented in (8) can be treated as a linear system
b, t) and ∆(t). The vector ∆(t) is
with disturbances Φ(x, x
bounded as per Proposition 1, whereas the boundness of
b, t) is only guaranteed within the compact set Ωx , i.e.
Φ(x, x
∥x∥ ≤ r and ∥b
x∥ ≤ r, where ϕ(x) is locally Lipschitz.
In order to guarantee that the state estimations from the
NESO always satisfies ∥b
x∥ ≤ r, we replace ϕ(b
x) in (6) with
3
b̄
b̄
b̄
b̄
ϕ(x) = x1 − βn x1 − 2ζn x2 , which uses the following state
projection

x
bi for |b
xi | < ri , i = 1, 2,
b̄i (t) =
x
(23)
ri for |b
xi | ≥ ri .
where r1 and r2 are user-defined positive constants representing the maximum feasible values of the position and velocity,
respectively. Therefore, the convergence of (8) is guaranteed
by choosing ωo > 0 such that A is Hurwitz, without explicitly
calculating the parameters µ and L.
V. S IMULATION R ESULTS
In this section, simulation studies are presented to evaluate
the performance of the proposed NESO (6). The simulation
studies are performed in the MATLAB/Simulink software at
a sampling period of 1 ms, using the numerical integration
solver ode45 based on the Dormand-Prince method.
The Duffing-Holmes system (2) with ζ = 0.05 and β = 1
is considered for the study. The nominal values are chosen as
ζn = 0.045 and βn = 0.9, i.e., 10% difference from the actual
values and the unmodeled dynamics is considered to be a
harmonic disturbance with χ = 0.01 sin(6t)+0.008 sin(10t)+
0.005 sin(20t). Moreover, the parameters r1 and r2 in (23) are
chosen to be 5. Finally, the external input is set as F = sin(t).
Firstly, the NESO (6) with a gain ωo = 50 is employed
to estimate the velocity and uncertainty from the position
measurements. The results are shown in Fig. 2, which indicate
that the NESO is able to provide a good estimation. However,
there is a noticeable error in terms of uncertainty estimation
x
b3 . As mentioned in Theorem 1, the estimation accuracy can
be improved by increasing the observer bandwidth ωo . Fig. 3
shows the performance of the NESO with ωo = 500, which
indicates improved estimation performance.
In addition, Table I compares the RMS values of the
estimation errors obtained with ωo = 50 and ωo = 500, which
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Fig. 2: Performance of NESO with ωo = 50.

Fig. 3: Performance of NESO with ωo = 500.

indicates a considerable reduction in the estimation error at
higher observer gains. However, in practice, a higher gain
increases the bandwidth of the observer, which also means
that observer is susceptible to high-frequency noise. So it is
a trade-off between improving the estimation accuracy and
reducing the robustness toward high-frequency noise.
TABLE I: RMS values of the estimation error.
ωo

erms
1

erms
2

erms
3

50
500

6.173 × 10−6
6.238 × 10−9

9.264 × 10−4
9.357 × 10−6

4.649 × 10−2
4.679 × 10−3

VI. C ONCLUSIONS
This paper proposed a nonlinear extended state observer for
Duffing-Holmes systems with uncertainties. The observer uses
the position measurements from the system, and it estimates
the system velocity and uncertainty caused by parameter errors
and unmodelled dynamics. The convergence of the estimation
error is demonstrated theoretically. The simulation results
show that the estimation error is reduced with high gain as
proved.
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