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Abstract—In this work we deal with the control of a nonaffine nonlinear system in the control input. Said system is a
thermoelectric module (TEM) powered by a buck-type DC/DC
converter. The mathematical model of the module is polynomial
in the control input. The proposed control technique is the
LQR control plus an integral action. Said controller is designed
on the basis of an approximate linearization of the combined
reducer-TEM dynamic model. The effectiveness of the proposed
technique is verified through experimental results obtained with
an experimental platform designed for this purpose.
Index Terms—Thermoelectric module, Linear Quadratic Regulator, Non-affine systems.

I. I NTRODUCTION
The thermoelectric effect is the interaction between electrical and thermal phenomena. It consists of the conversion
of a temperature difference to voltage and vice versa. Thermoelectricity, known since the 19th century, has been defined
as the science and technology associated with thermoelectric
generation and refrigeration [1], the effects that produce it
were discovered and studied by physicists: Thomas J. Seebeck,
Jean C. Peltier, William Thomson, James P. Joule and Joseph
Fourier. Due to its characteristics, the TEM (Thermoelectric
Module) can be classified within the area of thermoelectricity,
TEMs are solid-state heat pumps that require a heat sink
to dissipate heat by using the Peltier effect (discovered in
1834). Because they are solid-state devices, TEMs have no
mechanical parts, resulting in high reliability. [2]. TEMs are
normally made up of semiconductor materials (p and n type),
which are thermally bonded in parallel and electrically in
series by means of copper plates; they can also feature heat
sinks bonded to the alumina ceramic on both sides of the TEM.
A TEM has the ability to function as a thermoelectric
cooler/heater. As a cooler, it generates a certain temperature
on the cold side that depends on the supplied voltage, the
ambient temperature and the intrinsic characteristics of the
TEM. Typically the current demand of a TEM is high, which is
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reflected in energy efficiency and cooling/heating capacity [3].
TEMs have a high efficiency when the volume to be cooled is
small when compared to traditional cooling systems. When the
volume to be cooled increases, the TEM shows poor efficiency.
Some applications of thermoelectric modules include cooling
of power sources [4], cooling jackets [5], thermal reactors
[6], cooling processors [7], power electronics [8], tests on
printed circuits [9], physiotherapy [10], solar panel cooling
[11] among others.
In order to control the temperature of the cold face of
a TEM, a mathematical model of it is required. Different
versions of this model can be found in the existing literature,
but all of them share a common feature: they are distributed
parameter models. This leads to dynamic models in partial
differential equations, which generally makes model-based
controller design difficult. In [2], [12] the TEM is modeled using an equivalent electrical circuit (lumped parameter model)
for which, as will be seen in this work, based on such a circuit,
a dynamic model can be established in state variables, which
is highly non-linear and non-affine in the control input [13].
The nature of the control input (non-affine and non-linear)
makes control of the thermoelectric system challenging, since
the non-linear input is a crucial part of the election of a
control strategy, which has to be designed accordingly. In
[14] the TEM is controlled by feedback linearization that
makes the system stable and overcomes the non-affine input
by linearization. A sliding modes controller is implemented
in [15] with similar results and in [16] where an input-output
linearization is made with good results that show a simple
yet effective solution. All these control laws are designed
to be directly applied to the TEM, but do not take into
account the dynamic of the electronic circuit that drives the
TEM, thus the control law is not designed for the entire
electronic system comprising the driving elements and the
TEM. Not using a complete model implies losing the ability to
enhance the performance of the system, while reducing energy

consumption.
In this work, the authors propose an extended model for the
TEM that contains the dynamic of the power electronics (a
CD/CD Buck converter) that drive the system. By adding this
new dynamic to the TEM model, a control law can be designed
with a better understanding of the whole cooling system, then
the model allows the power stage to no longer be an uncertain
dynamic. Furthermore, this mathematical model makes it
possible to relate the voltage and current inputs for the driving
electronics to the temperature in the ceramic plates of the
TEM, allowing to apply optimal control methods to enhance
power consumption while maintaining good performance in
temperature control.
The TEM is controlled by a linear quadratic regulator
with integral action (LQRI), the addition of the power stage
dynamics into the system makes possible to consider this
dynamic into the LQRI design. The LQRI is an optimal
control technique meant to reduce energy consumption while
maintaining an accurate and fast controller. To test the validity
of the model and the performance of the controller experiments
are conducted and a comparison to other control laws is made.
This paper is organized as follows: in section 2 the modeling
of a TEM driven by a Buck CD/CD converter in presented,
In section 3 a linear control strategy is shown with the
purpose of allowing the system to reach desired temperature
levels. Section 4 is about experimental results. Finally, some
concluding remarks can be found in section 5.
II. M ODELING
The TEM requires a power source that supplies the necessary energy to keep it in operation and, as time goes by,
transfer heat from one side of the Peltier cell to the other, thus
cooling the surface of one of the sides and heating the other.
The process of transferring heat from one face to the other is
directly related to the energy consumption of the Peltier cell;
then it is possible to associate the steady state temperature
of the faces with the voltage provided by the power stage.
Figure 1 shows a general scheme of the system used for control
purposes of a thermoelectric module, control is performed by
a linear quadratic regulator with integral action (LQI), this
controller uses measurements of all circuit state variables to
regulate the temperature of the cold face of a TEM, it has to
be mentioned that this cold face can be subjected to constant
sudden disturbances.
The dynamic model in average form (in state variables) of
the buck converter shown in Figure 1 is given by:
diL
= −vc + Euav
(1)
L
dt
dvc
vc
C
= iL −
(2)
dt
R
where iL is the coil’s current, vc is the output voltage, R
is the load resistance, L is the inductance of the coil, C is
the capacitance, E is the supply voltage of the converter. The
average control input is denoted by uav , which represents an
average position for the switch position function. This variable
takes values on the bounded interval [0, 1].

Fig. 1. General scheme of the system to be controlled.

On the other hand, the equivalent electrical circuit of the
TEM (proposed in In [2], [12]) contains two thermal capacitances (equivalent to electrical capacitances). The voltages
(equivalent to the temperatures on the cold face, TC and
hot, Th ) of such capacitances, are chosen as state variables.
Analyzing the equivalent circuit of the TEM, and under the
following considerations:
∆T = Th − Tc

(3)

where Tc is the temperature in cold face, Th is the temperature
in hot face and ∆T is the temperature difference.
σ = 2ks + θm

(4)

where ks is the thermal resistance of the silicone grease used
to bond the Peltier cell to the heat sink and θm is the average
thermal resistance of the TEM.
I=

V − α∆T
Rm

(5)

where V is the supply voltage for the TEM, I is the consumed
current and α is the Seebeck’s coefficient.

Iθm αTc − 12 IRm
∆T
IRm V
qa = −
+
−
(6)
σ
σ
σ
where qa is an auxiliary variable and Rm is the average
electrical resistance of the TEM. Then, using Kirchhoff’s
laws, it is not difficult to establish that the dynamic model
in state variables of the TEM is given by the following pair
of differential equations:
Tamb − Tc
dTc
=
− qa
(7)
dt
kc
Th − Tamb
dTh
= IV + qa −
(8)
Ch
dt
kh
where, in (7)-(8), Tamb is the ambient temperature, kc is the
electrical resistance of the heat sink on the cold side and kh
is the electrical resistance of the heat sink on the hot side.
Combining (1) and (2) with (7) and (8), the complete dynamic
model of the TEM fed by the buck converter is given by:
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As can be seen from equations (9) to (12), the complete
dynamic model of the TEM powered by the buck converter is
highly nonlinear, just as it is non-affine in the supply voltage of
the Peltier cell, so designing a model-based controller for such
a device is an interesting challenge. Even when some nonlinear
control techniques have been used (as already mentioned in
the introductory part), in this work it was decided to resort
to linearization in approximate form of model (9)-(12), to
design a linear quadratic regulator (LQR) plus an integral
control action, which is known in the literature as LQRI. This
technique is an optimal control method used for linear systems
that optimize a performance index that contains the square of
an error, while the integral action’s purpose is to remove the
offset when the target value has been reached.
The main reason for resorting to approximate linearization
and the LQRI technique is the fact that the control objective in
our work is to achieve a constant desired temperature on the
cold face of the thermoelectric module. In principle, and since

it is a temperature system, it can be modeled with a first-order
transfer function plus a delay and then a proportional integral
derivative (PID) type controller could be used, whose gains
can be be tuned using, for example, the first Ziegler-Nichols
method. Despite the proven effectiveness of a PID controller,
this work shows that the use of approximate linearization plus
the LQRI technique has a better performance when compared
to the PID controller. For reasons of simplicity, the following
change of variables is introduced:




iL
x1
 vc 
 x2 



(13)
x=
 x3  =  Tc 
Th
x4
It is not difficult to see that model (9)-(12) can be described
by:


f1 (x, u)
f2 (x, u)

ẋ = f (x, u) = 
(14)
f3 (x, u)
f4 (x, u)
where f1 , f2 , f3 and f4 , are given by equations (9) to (12)
respectively. The model in nonlinear state variables (14) can be
approximately linearized around the equilibrium point (which
is described in terms of the desired cold face temperature,
x̄3 = T̄c ) to obtain the linear and time invariant (LTI) standard
representation described by:
ẋδ
y

= A∗ xδ + B∗ uδ
= C x

where:
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(15)
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It is important to clarify that the equilibrium point around
which the linearization is performed, its obtained by setting
the right side of (9)-(12) equal to zero, which results in a set
of four simultaneous nonlinear equations with four unknowns.
To solve this set of equations, the MATLAB® symbolic
calculation tool was used.
III. C ONTROL
If the plant does not contain an integrator (as is the case
studied here), the design principle is to add an integrator
between the error comparator and the plant. The LQRI adds
to the LQR an integral action through the dynamic extension
of the model with uncompensated state variables given found
in (15). A new state variable, q, is added to include the error
between a desired reference value y = yd and the measured
value y = Cx, this is: q̇ = yd − Cx. Then, the extended
system is:

where:

x̂˙

= Âx̂ + B̂u

y

= Ĉx̂

As is known, there are no systematic methods to design
controllers for non-affine systems, which makes controller
design a difficult problem to solve. Therefore, in this case it
was decided to resort to linearization approximately around
an operating point. Once the system has been linearized,
it is possible to resort to the application of linear control
techniques, such as the one addressed in this work (LQRI) as
well as the PID control technique for comparison purposes.
As is already known, an advantage of the LQRI (in this
case) over other linear feedback controllers is the integral
control action, with which, the temperature can be accurately
set to a desired point with robustness to small errors in the
parameters of the mathematical model, and in some measure,
to external disturbances, this added to the optimization process
that provides optimal values for the gains of the controller.
IV. E XPERIMENTAL RESULTS
A. Experimental setup

(19)
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q
−C∗ 0
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B
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(20)
(21)

The control input u given in (19) is designed using the LQRI
technique and whose expression is:
u = −Kxδ + kI q = −K̂x̂

(22)

which is valid as long as the matrix W is satisfied:
 ∗

A
B∗
W=
−C∗ 0

(23)

be of rank n + 1. The control input given in (22) is designed
in such a way that the cost function:
ˆ
J

∞



=


xTδ (t) Qxδ (t) + uT (t) Gu (t) dt

Fig. 2. Experimental Setup

(24)

0

is minimized [17] and where the matrix Q ≥ 0 and the scalar
G > 0 are chosen such that the solution matrix, P, of the
Ricatti equation:
ÂT P + PÂ − PB̂G−1 B̂T P + Q

= 0

(25)

be symmetric and positive definite (P = PT ≥ 0. The gain
matrix K̂ is then calculated as K̂ = G−1 B̂P.
In the next section, the LQRI thecnique is applied to the
linearized Converter-TEM system to regulate the temperature
of the cold plate Tc to a desired reference value T̄c . As
can be seen in (11) and (12) the dynamic model of the
TEM is non-affine in the control input; in fact it can also
be seen that it is a polynomial model in said control input.

The experimental platform, shown in Figure 2, is made
up of the following elements: a thermoelectric module built
based on a TEC1-12710 Peltier cell from Hebei I.T.; a bucktype DC/DC converter designed based on a frequency of 50
kHz, a maximum power of 60 W , a maximum current of
5 A, and an output voltage of 12 V for a 3.17 Ω average
load resistance; two DS18B20 digital temperature sensors,
one for the cold side of the TEM and one for the hot side;
an ACS712 current sensor, to measure the buck converter
inductor current; a circuit for measuring the output voltage of
the buck converter, built on the basis of an ISO124P isolation
amplifier; a computer equipped with the MATLAB/Simulink
software tool to implement the LQRI control algorithm; a data
acquisition card based on the STM32F429 microcontroller,

which works as a link between the plant and the computer,
using the Simulink’s Waijung Blockset and the platform’s
power supply. Figure 3 shows a descriptive diagram of the
experimental platform in more detail.
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B. Obtained results
Having the linearized model with numerical values permits
to designa LQRI controller (dado en (22)) for the system. The
matrix Q and the constant R are chosen in such a way that
the performance index J minimizes the amount of energy
at the input and does not penalize the changes made in the
state variable. In this work, the best results were obtained by
choosing Q and R as:


1.0000 0.2200 0.0100 0.0400 0.0200
0.2200 0.0484 0.0022 0.0088 0.0044


−8 
Q = 1×10 ∗0.0100 0.0022 0.0001 0.0004 0.0002

0.0400 0.0088 0.0004 0.0016 0.0008
0.0200 0.0044 0.0002 0.0008 0.0004
G = 400
Fig. 3. Descriptive diagram.

The design parameters of the buck type DC/DC converter
mentioned above, plus a desired curl for the current in the
converter inductor iL = 0.002 A, give as result in a capacitance C = 694.5 µF and an inductance critical of L = 29.06
µH. For reasons of a practical nature to ensure the continuous
conduction mode of the converter), the values used in the
platform were C = 940 µF and L = 66 µH, respectively. The
parameters involved in the dynamic model of the TEM were
obtained from the specifications sheet of the manufacturers
of the Peltier cell and the heat sinks on both sides of the
module. Table I shows the values of the parameters involved
in the complete dynamic model given in (9)-(12).
TABLE I
T HERMOELECTRIC MODULE PARAMETERS
Parameter
E
L
C
R
Rm
Kc
Tamb1

Value
12V
66µH
940µF
330Ω
3.2Ω
1K/W
295K

Parameter
Θm
α
Cc
Ch
Ks
Kh
Tamb2

Value
2647K/W
0.06V /K
378.4J/W
665J/W
0.45K/W
0.2K/W
295K

The dynamic model was linearized around a desired cold
face temperature T̄c = 14◦ C and in this case, the corresponding equilibrium points are ū = 0.45, īL = 1.45, v̄c = 5.45
and T̄h = 28.58. So, the matrices A∗ , B∗ and C∗ is given
by:

The experiments are conducted in an experimental setup
shown in Figure 2. The tests were carried out applying
the controller designed for reference temperatures of 12◦ ,
14◦ and 16◦ . After a few minutes of reaching the desired
temperature, a disturbance is introduced by letting air (at
room temperature) into the cold plate enclosure, raising the
temperature and making the controller compensate for the disturbance. It is important to mention that the initial conditions
for the temperature (shown in the graphics) are the current
ambient temperature, thus they change depending on weather
conditions, time of day, among others. Therefore, the initial
conditions for each experiment are not exactly the same and
cannot easily be replicated without specialized equipment that
the authors do not have access to. For comparison purposes, a
proportional integral control law is implemented. The results
for the PI are plotted along the results for the LQRI in Figures
4 to 6 . Notice that the tests for each control law are not
conducted at the same time, making the initial conditions vary.
V. C ONCLUSIONS AND FUTURE WORK
In this work, an LQRI control was designed to control
the temperature of the cold face of a TEM powered by a
buck-type DC/DC converter. The mathematical model used
for the TEM is proposed based on an equivalent electrical
circuit, which allows to establish a dynamic model in state
variables of the buck-TEM system. A linearization of the
model is used to design the controller. The tests carried out
show the effectiveness of the proposed control technique, by
allowing the desired temperatures to be reached, despite the
presence of disturbances, that are adequately rejected. In the

Fig. 4. Desired Temperature of 12◦ C

Fig. 5. Desired Temperature of 14◦ C

same way, the tests carried out show that our controller has a
better design than a traditional PID type control. The authors
contemplate as future works the design of a cascade control
of the linearized model as well as the use of known non-linear
control techniques such as sliding modes and ADRC. Another
possible future work is to use a synchronous buck converter,
to check if the energy efficiency is improved.
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