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Abstract—Quick-return mechanisms are usually controlled by
joint-space controllers to avoid instability in the transition between cutting and return phases. These controllers cannot exploit
the mechanical advantage associated to the natural mechanism’s
movement in the task space. It is crucial to guarantee mechanical
advantage exploitation to reduce operation time and high-quality
cutting ﬁnishes. In view of the above, this paper reports the
design of a mechanical advantage assurance controller based
on: i) a slider physics model that captures all the information
associated to the main mechanism’s task, and ii) a Jacobian
compensator that avoids the controllability problems from the
transition between the cutting and return phases. Simulation
studies are carried out to verify each component of the proposed
controller. A constant cutting velocity task is used as a case of
study to demonstrate the mechanical advantage exploitation.

I. I NTRODUCTION
Quick-return mechanisms are a class of mechanic devices
mainly applied in manufacturing sectors for cutting processes.
They are characterized by having a rotational input crank and
a linear output link associated to the cutting tool or slider.
Particularly, the output linear velocity of the slider is enhanced
by the high-mechanical advantage that these mechanisms
exhibit at the beginning and at the end of the slider workspace.
Here, the mechanical advantage refers to a measure of force
ampliﬁcation that generates a momentum in a short period of
time [1] and, in consequence, an increase of the linear velocity
which is essential to reduce operation time and high-quality
cutting ﬁnishes.
Classic approaches use joint space controllers [2], [3] to
ensure mechanical advantage exploitation by indirectly controlling the output link. There exist different methodologies
to establish a desired performance in the output link, whilst
maintaining the mechanical properties, e.g., the reciprocating
and mechanism synthesis methods where the geometry of
the mechanism is optimized [4] to guarantee a desired linear
velocity proﬁle for a constant input angular velocity. However,
it has been demonstrated that this approach is not ﬂexible
and robust for similar mechanisms with different kinematic
parameters [5].
Task space controllers [6] are implemented as alternative
tools to inject a desired linear velocity proﬁle in the slider
without applying the reciprocating or synthesis methods. How-
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ever, these controllers fail to exploit the mechanical advantage
due to controllability loss when the Jacobian becomes singular.
In addition, access to the input position measurement is not
usually available for task-space control applications. Thus, it
is crucial to ensure mechanical advantage exploitation whilst
guaranteeing a desired performance in the slider to guarantee
manufacturing standards [7].
In view of the above, this paper reports a mechanical
advantage assurance control that combine the merits of joint
and task space controllers. The proposed approach is based
on a family of task space controllers constructed from a
slider physics model. A Jacobian compensator is designed for
mechanical advantage assurance based on geometric properties
of quick return mechanisms. Simulation studies are carried out
to test each element of the proposed technique under a constant
cutting velocity case of study. The contributions of this paper
are:
1) The mechanical advantage is exploited without using
joint space controllers under reciprocating and mechanism’s synthesis methods.
2) A general methodology for task-space control design of
any quick-return mechanism is given.
3) A Jacobian compensator that overcomes the controllability problem of standard task space controllers.
II. P ROBLEM S TATEMENT
Fig. 1 shows a standard phase diagram of a quick-return
mechanism controlled in joint space. The points xmax and
xmin denote the maximum and minimum points of the slider
workspace and equivalently, they deﬁne the singularity points.
In these points the transition between the two natural phases of
the mechanism movement is performed: the cutting and return
phases. Whilst the cutting phase is slow and is associated to the
main task of the mechanism, the return phase is fast and it is
where the mechanism’s mechanical advantage [8] is exploited.
However, classical control approaches [5] do not exploit the
mechanical advantage of this type of mechanisms. In joint
space, both the cutting and return phases are controlled (see
Fig. 1) and hence, the return phase does not exhibit its fast
return movement. On the other hand, task space controllers
cannot be applied because they lose controllability at the

singularity points [9] of the slider tool. In this paper, the
mechanical advantage of quick-return mechanisms is exploited
using task space controllers without compromising the controllability and stability of the closed-loop trajectories.
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Fig. 1. General phase diagram of a Quick-return mechanism controlled in
joint space

The joint space physics of a 1-degree of freedom (DOF)
quick-return mechanism [10] is given by
(1)

where M (q) ∈ R denotes the inertia, C(q, q̇) ∈ R deﬁnes the
Coriolis and centripetal forces term, G(q) ∈ R stands to the
gravitational terms, τ ∈ R is the input torque applied to the
crank, and q ∈ R is the angular position of the mechanism’s
crank. The model (1) is high non-linear and it is difﬁcult to
extract useful properties associated to the mechanism physics.
For this purpose, the extended dynamic model formulation
[11] is used to decompose the high-nonlinear physics (1)
into a relatively low-nonlinear physics model in terms of
the generalized coordinate q and all the secondary variables
s ∈ Rs within the mechanism structure as
M (q )q̈ + C (q , q̇ )q̇ + G (q ) = ρ− (q )τ

(2)

where M ∈ RN ×N , C ∈ RN ×N , and G ∈ RN deﬁne the
matrices of the extended model, and q ∈ RN is the extended
coordinate vector with N = s + 1. The functions σ(·) and
ρ(q ) ∈ RN deﬁne the mappings between the generalized
coordinate to the extended coordinates, i.e.,
q̇
q

= ρ(q )q̇
.
= σ(q)

where m is the slider mass, gx is the slider’s gravity force
component, and ρx (q ) is the slider’s Jacobian. Therefore, the
slider physics can be extracted and is governed by
N
−1

2 
mẍ + gx =
ρi (q )
ρx (q )τ = u.
(5)
i=1

III. Q UICK - RETURN MECHANISMS PHYSICS

M (q)q̈ + C(q, q̇)q̇ + G(q) = τ,

joint space to task space. In other words, we have that the
extended physics can be expressed as


Ms×s 0s
M (q ) =
∈ RN ×N
01×s m


Cs×s 0s
 

∈ RN ×N
C (q , q̇ ) =
01×s 0
 
Gs
 
G (q ) =
∈ RN
gx


ρ (q )
ρ(q ) = s  ∈ RN
(4)
ρx (q )

(3)

Is evident that σ(·) deﬁnes the solution of the forward
kinematics of each secondary variable in q . This formulation
is extremely useful because one of the secondary variables in
q is the slider position x which is directly related to the return
and cutting phases of the mechanism’s natural movement.
One interesting ﬁnding [12] of the model (2) is that we can
extract the slider physics without applying any mapping from

The inverse of the summation within (5) never is zero due
to the mechanism conﬁguration. The slider´s model (5) only
needs knowledge of the slider’s mass instead of the complete
mechanism physics. The above model can be expressed as a
perturbed second-order linear system
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(u(t) + d(t)) (6)
=
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ẋ2
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where b = 1/m and d = −gx . One of the major advantages
of this formulation is that we are able to design any linear
or discontinuous controller with a predeﬁned closed-loop
performance. In the next section, we will prove this statement
in simulation studies.
A. Simulations
We compare different controllers to test the reliability of
the slider model. The controllers are designed for both the
slider model and a linearised version [13] of the mechanism’s
physics in task space [14]. The controllers used for comparison
are: i) feedback-feedforward control (FFC), ii) linear quadratic
tracking (LQT), iii) sliding mode control (SMC), iv) optimal
sliding mode control (OSMC), and v) PID control. The Whitworth mechanism [15] of Fig. 2 is used as case of study.
The slider physics model is given by


 
0
0 1
ẋ(t) =
x(t) + 1 u(t)
0 0
m6
where m6 is the slider mass and the slider’s Jacobian is
ρx (q ) = − r2r3r4 cos(q − θ4 ) sin(θ4 − θ5 ) sec(θ5 ). The linear
dynamics of the Whitworth mechanism in task space is




0
1
0
ẋ(t) =
x(t) +
u(t).
−0.412 0
0.434
The main control objective is to track the following timevarying reference
xd (t) = −0.2 − 0.2 sin(πt).

based on the sliders physics have small MSE in comparison
to the linearised model results. Worth noting that PID gains
of the linear model are very large in comparison to the PID
gains of the slider model, this difference is reﬂected in the
MSE results. In addition, the MSE results are affected by the
error of the ﬁrst 0.5 seconds of the transient time.

Fig. 2. Whitworth mechanism diagram

The slider mass is set to m6 = 1 kg. The Ackerman formula
[16] is used for the FFC design with ωn2 = 40 and ξ = 1. The
weights of the Ricatti equation of the LQT control [14] are
proposed as: Q = I and R = 0.1. The Ackermann-Utkin
formula [17] is used for the SMC’s hyperplane design with
a desired pole of λ = −10. The OSMC uses the following
weight matrix Q = diag{1, 0.1}. The control gains for each
physic model are summarized in Table I.
The PID control gains are tuned with the Matlab/Simulink
control toolbox. The gains for the linearised physic model
are set to: Kp = 928.044, Ki = 2023.674, Kv = 104.506
and N = 254.040. For the slider physics, the gains are:
Kp = 26.56, Ki = 14.54, Kv = 9.4745 and N = 27.065.
In addition, the PID gains are designed to satisfy
C(s)G(s)
y(s)
=
=1
yd (s)
1 + C(s)G(s)
where G(s) is the transfer function of the slider physics and
C(s) is the transfer function of the PID controller.
Fig. 3 shows the tracking results of each control law using
the linearised and slider physics models. The FFC results
of Fig. 3(a) shows acceptable tracking results with a small
tracking error due to the oversimpliﬁed model that have the
linear and slider models. This problem is evident in the LQT
tracking results of Fig. 3(b) where more tracking error is
presented due to the feedforward control; in addition, this
controller is sensitive to the time derivative of the desired
reference xd . On the other hand, both SMC and OSMC have
good tracking results despite having an oversimpliﬁed model.
The PID control results show good tracking results with small
tracking error due to the tuning procedure [18] using the
oversimpliﬁed models, nevertheless the controller is reliable.
The mean-squared error (MSE)
1
e(t) =
n

n


(Lei )2 ,

i=1

is used as performance metric to numerically evaluate the
performance of each controller under different physics models.
Here, L is a scaling factor. The MSE results are summarized
in Table II with L = 100. We can observe that the controllers

IV. JACOBIAN COMPENSATOR
In the previous section, the slider physics model is used to
design any linear task space controller that can be effectively
applied in the cutting phase. However, the previous controllers
lose controllability at the singularity points and hence, the
mechanism is not able to exploit the high mechanical advantage of the return phase. To overcome this issue, we exploit an
interesting property of quick-return mechanisms that allows to
compensate the Jacobian term [19].
The main purpose of the Jacobian ρx (q) is to map from
joint velocities q̇ to task velocities ẋ [20]. This mapping is
deﬁned by two terms: a change of sign and a state-dependent
gain factor. The sign of the Jacobian is proportional to the
sign of the input crank and output slider velocities, that is,
sign(ẋq̇). The gain factor of the Jacobian is determined by the
mechanism velocity kinematics [21].
In view of the above, we can estimate the Jacobian using
a constant compensator gain Kρ > 0 which can be set
as the magnitude of the real Jacobian’s maximum value or
any positive scalar. The modelling error of the Jacobian can
be attenuated by the controller gains. Then, the Jacobian
compensator has the following structure
ρx = Kρ s (ẋq̇) ,

(7)

where
s(ẋq̇) =

sgn(ẋq̇)
−sgn(ẋq̇)

in the cutting phase,
otherwise.

(8)

The sign function is obtained off-line by observing the
directions of the input crank and the slider in the cutting
phase. By incorporating the Jacobian compensator, we are able
to exploit the mechanism mechanical advantage without any
controllability issue.
A. Simulations
Consider the Whitworth mechanism of Fig. 1. Assume
that we do not have measurements of the crank angular
position q. Here, we want to verify the reliability of the
Jacobian compensator in comparison to the real one in a simple
regulation task. The FFC control law of Table I using the slider
physics is used in this case of study. The FFC under known q
is given by (9).
†
τ = ρ−1
x (q)(Ke(t) − B Axd ).

(9)

The FFC in terms of the Jacobian compensator is given by
†
τ = ρ−1
x (Ke(t) − B Axd ).

(10)

The other controllers can also be used to test the Jacobian
compensator by using the space transformation mapping [22]
τ = ρ−1
x u(t)

(11)

TABLE I
C ONTROLLER GAINS
Dynamics
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Fig. 3. Tracking results

angular velocity q̇, and the magnitude of the maximum value
is 0.035, so Kρ = 0.035. Fig. 5 exhibits the control results
using the real Jacobian and its compensator.

TABLE II
M EAN SQUARED ERROR RESULTS .
Model
Linear model
Slider model

FFC
5.3528
5.2106

LQT
42.1356
1.0335

SMC
0.0978
0.0191

OSMC
0.0082
0.0089

PID
1.2786×10−4
0.0771

where u is any task space control law. The desired position
is proposed to be within the cutting phase and is given by
xd = −0.4 m. Fig. 4 shows the slider’s Jacobian timeevolution which will be used to extract the Jacobian’s upper
bound for the compensator’s gain.
We can observe that the sign of ẋ is negative for a positive

The MSE is used for numerical comparisons between both
controllers with the same scaling factor. The MSE of the
FFC using the real Jacobian is ēρx (q) = 0.4125, meanwhile
the MSE of the FFC using the Jacobian compensator is
ēρx = 0.4085. Therefore, the Jacobian compensator effectively
compensates the effect of the real Jacobian and, in addition,
enhance the tracking precision.
Both the slider physics model and the Jacobian compensator deﬁnes the proposed mechanical advantage assurance
controller.

velocity proﬁle throughout the length of the piece. After the
piece is cut, the mechanism moves toward the singularity point
xmin to exploit the mechanical advantage in the return phase
and return the mechanism to the singularity point xmax to start
over again the cutting phase.
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V. C ONSTANT VELOCITY PROFILE FOR CUTTING TASKS
To exhibit the beneﬁts of the proposed mechanical advantage assurance controller, we test the Whitworth mechanism
of Fig. 2 in a cutting task case of study [3].
In this scenario, the control objective is to guarantee uniform
cuts throughout a working piece by means of a constant cutting
velocity proﬁle in the cutting phase, whilst the mechanical
advantage is exploited in the return phase. In this experiment,
we use the SMC controller of Table I to include the contact
force between the slider and the working piece [23] in the gain
tuning. Therefore, the slider physics is slightly modiﬁed to
ẍ = b(u + d)

(12)

where d = −ρx fx and fx is the contact force. The material of
the piece is aluminium with length 0.3 m. The contact force
is proposed to be fx = 400 N, which is a standard force
for cutting tasks. A trapezoidal proﬁle with parabolic blends
is proposed in the cutting phase to ensure a constant cutting
velocity of v = −0.762 m/s throughout the length of the piece.
The control gain of the SMC is modiﬁed to K = 14 to
compensate the contact force [24]. The same hyperplane gain
C of Table I is used. Fig. 6 shows the phase diagram of
the slider physics. Here, the cutting phase shows the constant

This paper reports a mechanical advantage assurance control
of quick-return mechanisms. The controller exploits some
unique properties of quick-return mechanisms associated to
their geometric conﬁguration. The task space controllers are
designed in terms of a slider physics model that captures
all the relevant information of the task that the mechanism
performs naturally. A Jacobian compensator is designed to
ensure full controllability and mechanical advantage exploitation at the return phase. The overall approach solves the
controllability issue of task space controllers applied to quick
return mechanisms and guarantee the mechanical advantage
exploitation at the singularity points. Simulation studies are
carried out to verify the reliability of: i) the slider physics
model, ii) the Jacobian compensator and iii) the mechanical
advantage exploitation in a constant cutting velocity case of
study. Further work will focus on seeking useful properties for
other class of mechanisms that can improve the closed-loop
performance by exploiting their hidden properties.
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N. González, and A. Armenta-Molina, “Constant speed control of slidercrank mechanisms: A joint-task space hybrid control approach,” IEEE
Access, vol. 9, pp. 65676–65687, 2021.
[16] J. Ackermann and V. Utkin, “Sliding mode control design based on
ackermann’s formula,” IEEE Transactions on Automatic Control, vol. 43,
pp. 234–237, 1998.
[17] M. Salamci and S. Banks, “Optimal sliding surface design for a class
of nonlinear systems,” Research Report. ACES Research Report 697.
Department of Control and Systems Engineering, 2008.
[18] A. Perrusquia, J. A. Flores-Campos, and C. R. Torres-San-Miguel, “A
novel tuning method of pd with gravity compensation controller for
robot manipulators,” IEEE Access, vol. 8, pp. 114773–114783, 2020.
[19] A. Perrusquı́a and W. Yu, “Human-in-the-loop control using euler
angles,” Journal of Intelligent & Robotic Systems, vol. 97, no. 2,
pp. 271–285, 2020.
[20] M. Mehdi Fateh and H. Farhangfard, “On the Transforming of Control
Space by Manipulator Jacobian,” International Journal of Control,
Automation, and Systems, vol. 6, pp. 101–108, February 2008.
[21] J. A. Flores Campos and A. Perrusquı́a, “Slider position control for
slider-crank mechanisms with jacobian compensator,” Proceedings of
the Institution of Mechanical Engineers, Part I: Journal of Systems and
Control Engineering, vol. 233, no. 10, pp. 1413–1421, 2019.
[22] A. Perrusquı́a, W. Yu, and A. Soria, “Position/force control of robot
manipulators using reinforcement learning,” Industrial Robot: the international journal of robotics research and application, vol. 46, no. 2,
pp. 267–280, 2019.
[23] A. Kus, Y. Isik, M. C. Cakir, S. Coşkun, and K. Ozdemir, “Thermocouple
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