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Abstract—This paper deals with Delayed Resonators (DR)
with delayed position and velocity feedback. This special type
of DR was recently introduced in the literature and theoretically
shown to bring a Single-Degree-of-Freedom (SDOF) system into
a resonator. In principle, this induced resonance in an SDOF
system can be used as a conventional dynamic vibration absorber,
when interconnected to a primary system subject to exogenous
vibrations, with capabilities to improve the tuning into better
frequency ranges. In the current paper, we propose a design and
control implementation in an experimental platform of the DR
with delayed position and velocity, including some numerical and
experimental validations.
Index Terms—Active vibration control, vibration absorption,
delayed resonator, time delay systems, delayed position and
velocity feedback.

I. I NTRODUCTION
The Delayed Resonators (DR) concept was introduced by
Olgac and Holm-Hansen in [1] by using delayed position
feedback. The DR belongs to the class of active vibration
control, where feedback for improving the vibration absorption
of passive absorbers is introduced, see [2] and references
cited therein for a review of some existing active vibration
controllers, for instance, positive position feedback (PPF),
sliding mode control, H ∞ control. The main idea behind the
DR is to intentionally introduce a delay in the feedback to
induce stable oscillatory solutions in a SDOF system. Once
the SDOF system behaves in an oscillatory way, in spite of
the existing damping, then it can be used as an ideal dynamic
vibration absorber when interconnected to a primary system
subject to vibrations. Since the DR with delayed position was
introduced in [1], several modifications have been proposed
during the last decades. Thus, one finds DR configurations by
using delayed position, velocity and/or acceleration feedback.
Instead of including all the references concerning the studies of
the different DR proposals, we refer to the reader to the recent
paper [3], where a complete review along with a thorough
analysis of the existing DR configurations is presented. An
interesting different DR configuration by using a delayed
velocity and non-delayed position feedback is considered in
[4].
In the recent paper [5], a new DR configuration with delayed
position and velocity feedback is proposed. To the best of
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the authors’ knowledge, this DR configuration is the first one
where the delay is intentionally introduced in both the position
and velocity. For such DR configuration, the problem consists
of determining appropriate feedback gains for the position
and velocity and a delay value such that the SDOF system
has stable oscillatory solutions. This problem is addressed
in [5] by firstly determining the complete characterization
of feedback gains that exponentially stabilize the closed-loop
system. Based on such a stability result, an algorithm for
designing a DR with delayed position and velocity feedback
is presented in [5].
In this context, it is interesting to experimentally prove that,
the new DR configuration with delayed position and velocity
feedback indeed induces oscillations in a real SDOF system as
well as evaluate its capabilities in suppressing vibrations when
interconnected to a real primary SDOF mechanical system.
Thus, the main goal of this paper is to propose a design and
control implementation of the DR with delayed position and
velocity feedback in an experimental platform. A numerical
estimation of the velocity, by measuring the position, is used
instead of a physical velocity sensor for the implementation.
To do this, we firstly corroborate that the delayed position and
approximated velocity feedback induce stable oscillations in
an SDOF system, consisting of a mass-spring-damper system,
as theoretically was proved in [5]. Then, we interconnect
the DR to a primary SDOF system, a different mass-springdamper real system, to experimentally evaluate its capabilities
as an active vibration absorber for canceling vibrations on a
primary system subject to exogenous harmonic vibrations. The
remaining part of the paper is organized as follows. In Section
II, we present the DR with delayed position and velocity
feedback. The main theoretical stability result that leads to the
DR design is summarized in Section III. Section IV describes
the experimental platform and its parameters identification.
The design and control implementation of the DR with delayed
position and velocity are presented in Section V. Section VI
concerns with the experimental results performed by interconnecting the DR to a primary system subjected to vibrations.
Some concluding remarks end the paper in Section VII.

II. DR WITH DELAYED POSITION AND VELOCITY
FEEDBACK

In this section we present the DR with delayed position
and velocity introduced in [5]. Consider the following SDOF
mass-spring-damper system:
mẍ(t) + cẋ(t) + kx(t) = u(t),

(1)

where x ∈ R is the displacement, m, c, k denote the mass,
viscous damping and stiffness of the system, respectively, and
u is a control (force) input.
The DR with delayed position and velocity feedback consists of using a control law of the following form:
u(t) = −g1 x(t − h) − g2 ẋ(t − h),

(2)

where g1 and g2 are feedback gains and h > 0 denotes the
time-delay intentionally introduced as an additional control
parameter.
The DR design problem consists in determining feedback
gains g1 and g2 , and delay h > 0 such that, the closed-loop
system (1)-(2) has stable oscillatory solutions at a desired
frequency. This problem cannot be solved by the methods
commonly used for designing any of the existing DR configurations (delayed position, velocity, or acceleration), see [3] for
details. The main reason of the above is that, the existing DR
configurations involve only two control parameters (one gain
and the time-delay), while that the DR with delayed position
and velocity involves three control parameters (gains g1 and
g2 , and the time-delay h). In [5], in order to address the DR
problem, it is firstly solved the problem of determining the
complete set of feedback gains g1 and g2 that exponentially
stabilizes the closed-loop system (1)-(2). More precisely, by
following [5], let us rewrite the closed-loop system (1)-(2) as
follows:
ẍ(t) + 2ζωn ẋ(t) + ωn2 x(t) + b1 x(t − h) + b2 ẋ(t − h)

Then, all zeros of the quasipolynomial q(s), given by (5),
have strictly negative real parts if and only if the pair (b1 , b2 )
belongs to the region Γ, (see Fig. 1), whose boundary in the
space (b1 , b2 ) is given by
∂Γ = {(b1 (ω) , b2 (ω)) : ω ∈ [0, ω̂]} ∪


(b1 , b2 ) = −a2 , b2 : b2 ∈ (b1 (0) , b2 (ω̂)) ,
where b1 (ω) and b2 (ω) are given as

b1 (ω) = adω sin (ωh) + ω 2 − a2 cos (ωh) ,


1
ω 2 − a2 sin (ωh) − adω cos (ωh) .
b2 (ω) =
ω
with ω̂ being the solution of the equation
a2
ad sin (ωh) + ω cos (ωh)
=
,
ω
cos (ωh) − 1

 π
ω ∈ 0,
.
h

(7)

= 0, (3)

q

c
k
is the
is the natural frequency, ζ = 2mω
where ωn = m
n
g1
g2
damping ratio, b1 = m and b2 = m .
It is well-known that the system (3) is exponentially stable
if and only if the characteristic function (quasipolynomial)

f (s) = s2 + 2ωn ζs + ωn2 + b1 e−hs + b2 se−hs

(4)

has all zeros with negative real parts [6].
By following [5] is convenient to consider the following
quasipolynomial:
q(s) = s2 + das + a2 + b1 e−hs + b2 se−hs ,

Fig. 1. Stability region Γ.

(5)

where a, d, h are positive real. Clearly, the quasipolynomial
(4) is a particular case of the quasipolynomial (5) when a2 =
ωn2 and d = 2ζ. Now, by following the main ideas of the
procedure suggested by Neimark [7], the following result was
obtained in [5].
Theorem 1: Consider h, a, d ∈ R+ satisfying the following
inequalities:
√
2
3π
1≤d≤
and d >
2 + 1 ah.
(6)
2ah


The above result characterizes the complete stability region
in the feedback gains space, for all parameters satisfying the
condition (6). As argued in [5], this stability result has its own
importance for the stability analysis of time-delay systems,
where most of the existing methods demand the knowledge of
all coefficients and delay values and not necessarily allows
to explicitly determine a set of feedback gains and delay
values for which exponential stability is assured. Additionally,
the result can be applied to other control problems, where
proportional-derivative feedbacks can be used for controlling
the dynamics of a SDOF systems under presence of unavoidable time delays in the feedback loop.
Now, for the DR design problem, it is observed from the
proof of Theorem 1 that, if (b1 , b2 ) ∈ ∂Γ, then there exists
ω ∈ [0, ω̂] , where ω̂ is the solution of equation (7), such that,
the quasipolynomial q(s) has a pair of purely imaginary zeros
s1,2 = ±iω, and the other (infinite number) zeros are located
in the left open side of the complex plane. This particular
location of the zeros of q(s) implies that the system (1) has
stable oscillatory solutions at the frequency ω.

III. A TUNING METHOD FOR THE DR WITH DELAYED
POSITION AND VELOCITY FEEDBACK

Based on the above, and observing that condition (6) is
equivalent to 1 ≤ d and
)
(
3π
d
,
(8)
0 < h < min
, √
2
2ad
2+1 a
the following algorithm for designing a DR by delayed position and velocity feedback is proposed:
q
k
1) Given m, k and c, compute a = ωn =
m and d =
c
2ζ = mωn .
2) Select a delay h satisfying inequality (8).
3) Compute ω̂ as the numerical solution of the equation
(7).
4) Select a desired frequency of oscillation ωd ∈ (0, ω̂).
5) Compute values b1 = b1 (ωd ) and b2 = b2 (ωd ) by
means of the following expressions:

b1 (ωd ) = adωd sin (ωd h) + ωd2 − a2 cos (ωd h) ,


1
b2 (ωd ) =
ωd2 − a2 sin (ωd h) − adωd cos (ωd h) .
ωd
(9)
6) Finally, compute the control gains g1 = b1 m and g2 =
b2 m.
It is important to note that the algorithm for designing the
DR by delayed position and velocity feedback works for ζ ≥
0.5 and for frequencies ωd ∈ (0, ω̂) . Although the condition
ζ ≥ 0.5 imposes a certain restriction on the class of SDOF
systems for which the algorithm can be applied it is sufficiently
general for considering a subclass of underdamped systems,
those with 12 ≤ ζ < 1, critical damped system where ζ = 1,
as well as the overdamped systems for which ζ > 1.
It is well-known that one of the main advantages of the
DR is that the frequency of oscillation can be changed by
means of the selection of the feedback gains. In contrast with
the existing DR configurations, where both the gains and the
delay value need to be changed to assign a different oscillatory
frequency, the DR configuration by delayed position and
velocity feedback can assign a different frequency (in the
allowed range) by only changing the gains g1 and g2 , but not
the delay value. This special characteristic can simplify the
DR hardware implementation since a change of the sampling
period is not required when changing the desired oscillatory
frequency, as it will be showed by the experiments in the
following sections.
IV. E XPERIMENTAL PLATFORM
The experimental setup to verify the proposed DR configuration with delayed and position feedback is a rectilinear
plant (Model 210a) provided by Educational Control Products® (ECP). See Fig. 2. The mechanical system consists
of mass carriages interconnected by bidirectional cylindrical
springs, where each mass carriage suspension has an antifriction ball bearing system and, therefore, the (linear) viscous

dampings are described as linear dashpots. The displacements
are obtained from (rotary) high resolution optical encoders
with 4000 PPR in quadratures, via cable-pulley mechanisms,
to measure the actual positions of the carriages. The control
force is obtained from a brushless-type servomotor connected
to a pinion-rack mechanism, which is applied to get the DR.
The external excitation force on the primary system is obtained
from a small dc motor coupled with an aluminum plate and
a cable-pulley system. The signal and control processing are
obtained through a high-speed DSP board installed into a
PC running under Windows 7® and Matlab/Simulink® with
RTWT toolbox for real-time execution with the experimental
setup. The selected sampling frequency for the overall system
was 1 kHz. Moreover, the velocities are numerically approximated by software and the Euler method with a fixed step
time of 1 ms is employed.

Fig. 2. Configuration of a 2 DOF system in the rectilinear plant ECP model
210a.

A. Parameter identification
As usual in any design and control implementation, one
needs to identify the real parameters of the system under
consideration. To identify the stiffness constant k of the ECP
210a platform, we apply step functions of different magnitudes
via the servomotor and measure the displacements. From
the obtained data, a value of k = 355.6 N/m is estimated.
Then, we apply a sinusoidal input function by sweeping the
frequency from 0.1 Hz to 6 Hz with a magnitude of 0.772 N
during 90s, and measure the displacement of the system. From
the obtained data, we estimated the values of ωn = 13.823
rad/s (2.2 Hz) and ζ = 0.0485 for the natural frequency and
damping ratio by using the Peak picking method see [2], [8].
From these values we obtain m = 1.861 kg and c = 2.495
Ns/m. Thus, the estimated parameters for the mass-springdamper system of the experimental platform are shown in
Table I. It’s important to mention that we used the peak picking
method due to its simple and easy implementation, but other
modal analysis techniques such as curve fitting and circle fit
can be used.
To validate the estimated parameters, we perform a numerical simulation of the mathematical model (1) with the
estimated parameters under the same sinusoidal input function
used in the experimental results. Fig. 3 shows the comparison
between the experimental result and the numerical one, with
a reasonable validation.
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Fig. 3. Comparison of the experimental result and numerical simulation with
the estimated parameters in Table I
TABLE I
PARAMETER ESTIMATION OF THE SDOF SYSTEM
Parameter
m
c
k

Value
1.861 kg
2.495 Ns/m
355.6 N/m

V. D ESIGN AND CONTROL IMPLEMENTATION
In this section, we present the design and control implementation of the DR with delayed position and velocity feedback
in the experimental platform ECP 210a. First of all, we observe
that the estimated damping ratio of the real SDOF system is
ζ = 0.0485. On the other hand, as mentioned in Section II, the
proposed algorithm for the DR works for ζ ≥ 0.5. Therefore,
in order to properly apply the algorithm, we propose to inject
a virtual damping by an additional velocity feedback. Hence,
the proposed control law is completed as follows:
u(t) = −g1 x(t − h) − g2 ẋ(t − h) − kd ẋ(t),

(10)

where the additional term kd ẋ(t) corresponds to the virtual
damping injection.
The corresponding closed-loop system (1)-(10) can be written as
ẍ(t) + 2ωn ζ̄ ẋ(t) + ωn2 x(t) + b1 x(t − h) + b2 ẋ(t − h) = 0,
kd
where ζ̄ = ζ + ζv , with ζv = 2mω
.
n
According to the proposed algorithm, the condition ζ̄ ≥ 0.5
needs to be satisfied. Simple calculations show that if

Let us select h = 0.012 s. Then, by numerically solving
equation (7), one gets ω̂ ≈ 139.998 rad/s. Hence, the frequency ωd can be selected in the interval (0, ω̂) = (0, 139.998)
rad/s. Now, since the experimental platform ECP 210a has an
effective operation bandwidth from 0 to 50.26 rad/s (0 to 8
Hz), then ones needs to restrict the experiments for frequencies
of oscillations inside the interval (0, 50.26) ⊂ (0, 139.998)
rad/s.
For the experimental setup, we use a sampling time of 1
ms. During the first 3 s, we perform the system in open loop
by applying a step function of magnitude 5N. After 3s, we
apply the designed control law. For the implementation of the
velocity feedback, we use the classical linear approximation of
the derivative in addition to a simple first-order filter (low-pass
filter) for removing undesired noise due to the optical encoder
for measuring the displacement. Additionally, as usual, a small
tuning of the feedback gains around the computed gains is
performed.
As a first experiment, let us consider the desired oscillation
frequency ωd1 = 13.823 rad/s. Then, direct calculations
from equations (9) yield at the values b1 = 31.545 and
b2 = −13.633. Finally, we compute the gains g1 = 58.70
N/m and g2 = −25.37 Ns/m.
Fig. 4 shows the experimental result. As it can be seen, the
control law induces the desired DR behavior by leading to a
stable oscillatory at the desired frequency.
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kd ≥ (1 − 2ζ) mωn ,
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then ζ̄ ≥ 0.5 holds. For the previous estimated parameters,
we have that kd ≥ 23.23 Ns/m. Thus, we choose kd = 23.23
Ns/m for the gain of the virtual injection damping.
Now, we are ready to apply the proposed algorithm for
designing the DR with delayed position and velocity feedback,
by changing ζ by ζ̄. We have the values of a = ωn = 13.8232
rad/s and d = 2ζ̄ = 1. From (8) we obtain

1

h < min {0.3409, 0.0124} s.
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Fig. 4. (a) Experimental validation for ωd1 = 13.823 rad/s. (b) Control
signal.

As was mentioned in Section II, one of the special characteristics of the DR with delayed position and velocity is that one
can change the frequency by only changing the feedback gains,
but not the delay value, which simplify the implementation
since one does not have to change the sampling time.
To experimentally corroborate the above, let us now consider a desired oscillation frequency ωd2 = 16.537 rad/s. By
applying the algorithm, we get the values of g1 = 234.22 N/m
and g2 = −23.39 Ns/m. Fig. 5 shows the experimental result
that corroborate the stable oscillations of the system at the
new desired frequency.
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one, respectively. Here F is the external force acting on the
primary system and u is the control law, which for the DR
with delayed position and velocity is the one given by (10).
In the classical vibration absorption theory, it is well-known
that, if the resonance frequency of the secondary system is
exactly the same that the disturbing harmonic force acting on
the primary system, then the induced vibrations on the primary
system are ideally canceled (see, e.g., [2]). For this reason, the
secondary system is referred to as vibration absorber. This
principle has been also used for designing the existing DR
configurations with delayed position, velocity, or acceleration
as active vibration absorbers. Based on the above, if the design
of the DR with the delayed position and velocity feedback is
synthesized at the frequency of the disturbing force, then one
can expect to cancel the vibrations on the primary system.
To experimentally corroborate the active vibration absorption of the DR with delayed position and velocity feedback, we
use another mass-spring-damper system of the platform ECP
210a as the primary SDOF system. By the same methodology
used for the parameter identification in Section II, we obtain
the estimated parameters for the primary system given in Table
II. These estimated parameters leads to a natural frequency
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TABLE II
PARAMETER ESTIMATION OF THE P RIMARY SDOF SYSTEM
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Fig. 5. (a) Experimental validation for ωd2 = 16.537 rad/s. (b) Control
signal.

VI. ACTIVE VIBRATION ABSORPTION USING DR
In this section, we evaluate the capabilities of the DR
with delayed position and velocity feedback as an active
vibration absorber when interconnected to a primary SDOF
system subject to vibrations. More precisely, we consider the
following interconnected 2 DOF system:
mp ẍp (t) + cp ẋp (t) + kp xp (t) + ka (xp (t) − xa (t)) = F (t)
ma ẍa (t) + cẋa (t) − ka (xp (t) − xa (t)) = u(t),
where xp , xa ∈ R are the displacements of the primary system
and secondary system (absorber based on DR). The parameters
mp , cp , and kp denote the mass, damping and stiffness of the
primary system, respectively, while that ma , ca , and ka denote
those of the secondary system interconnected to the primary

Value
2.793 kg
4.325 Ns/m
763.8 N/m

ωp = 16.537 rad/s and damping ratio ζp = 0.0468.
For the experimental setup, the primary system is disturbed
by a force F (t) = 4 sin(ωt) N during 20 s. During the first 5
s, the interconnected system is in open-loop, and after 5 s the
control law is applied. We consider two experiments, for two
different frequencies on the disturbing force: the first one for
ω = 13.823 rad/s and the second one for ω = 16.537 rad/s.
For these frequencies, we have already designed the DR with
delayed position and velocity in Section V.
Figs. 6 and 7 show the experimental results of the two
interconnected systems. As it can be seen, from Fig. 6,
during the first 5 s, there is some vibration attenuation on
the primary system, although the control law is not applied.
This attenuation is due to the fact that the secondary system
acts as a conventional passive vibration absorber. When the
DR with delayed position and velocity starts to act after 5 s,
the secondary system becomes an active vibration absorber,
designed at the disturbing frequency and, therefore, a high
attenuation of the vibrations on the primary system is achieved.
In Fig. 7 we observe again a certain vibration attenuation
during the first 5 s. Of course, this attenuation is due to the
secondary system acting as a passive vibration absorber. A
high attenuation is observed after 5 s, when the DR starts to
act as an active vibration absorber designed at the disturbing
excitation frequency on the primary system.

Finally, to end this section, it is important to remark that
in doing the experiments for two different frequencies, only
the feedback gains have been changed, but not the delay
value. This has been important for easy implementation of
the experiments. Note, however, that the use of the time-delay
as a control parameter can be employed to extend the tuning
capabilities and robustness of the DR, in contrast to a classical
passive vibration absorber.
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Fig. 7. (a) Experimental validation of the interconnected system for a
disturbing frequency of ω = 13.8230 rad/s. (b) Control signal.
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VII. C ONCLUSIONS
A design and control implementation on a experimental platform of the DR with delayed position and velocity
feedback is performed. A tuning method for the DR with
delayed position and velocity feedback was provided. Some
experiments show that the DR with delayed position and
velocity effectively induces stable oscillations in a SDOF
system and, in turn, it is useful to suppress harmonic vibrations
when interconnected to a primary system. In general, the
experimental validation of the DR and its application for active
vibration control on a SDOF primary system are achieved with
good results.
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