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Abstract—Underwater autonomous vehicles (AUVs) missions
face several external disturbances, such as random ocean currents, changes in the water’s salinity, etc. Therefore, the analysis
and design of robust controllers represent a real challenge due to
the highly nonlinear AUVs dynamics, parameter uncertainties,
and external disturbances. In this note, in the realm of the most
used controllers in commercial vehicles, a PD controller is analyzed together with a Sliding Modes-ESO disturbance observer
to enhance the closed-loop scheme’s robustness. The stability
analysis is carried out by Lyapunov’s arguments. Finally, the
efficiency of the proposed control/observer scheme is evaluated
in real-time experiments.
Index Terms—PD, Disturbance Observer, Sliding Mode Control

I. I NTRODUCTION
AUVs are autonomous robotic platforms that dominate
over the Remotely Operated Vehicles (ROVs) for marine
exploration due to their operational efficiency, autonomy, and
relatively low operational cost. AUVs are more frequently
used in marine activities such as ocean sampling, resource
exploration and exploitation, rescue and search, and so on,
since they provide a safe, and efficient service, without placing
human lives at risk. Due to the variety of applications, control
problems like station keeping, trajectory tracking, formation
tracking, and path following are focused. In this contribution,
trajectory tracking control of AUVs is considered, which
is essential for exploration in marine geosciences such as
oceanographic survey, target carpet searching, and pipeline
inspection, [1].
It is recognized that the design simplicity and good performance of Proportional-Derivative (PD) and ProportionalIntegral-Derivative make them the most useful techniques for
the control in commercial vehicles, especially when proper
approximates of the nominal system’s parameters are available
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[2]- [4]. Nevertheless, it is known that the PD (or PID) closedloop performance might be seriously compromised when the
plant dynamics are highly nonlinear, uncertain or changing parameters, or exposed to unpredictable disturbances, which are
fundamental challenges when controlling AUVs. Because of
this, several advanced PD/PID control schemes for underwater
vehicles have been proposed in the literature.
The drawbacks’ impact can be diminished by using nonlinear
PD/PID schemes. For example, nonlinear PID controllers with
the anti-windup design [5] or using nonlinear functions [6].
For instance, an AUV trajectory tracking control based on the
Nonlinear PD (NLPD) strategy was proposed by [7], where the
authors show the main advantages of the NLPD design over
the classic PD control in real-time experiments. The NLPD
shows a good depth trajectory tracking behavior in nominal
conditions, but its performance is degraded when faced with
persistent external disturbances and extreme parametric uncertainties, as observed in the experiments. Moreover, there
is a significant tracking error in the steady state due to the
buoyancy added to the submarine L2ROV. Finally, the authors
suggested that the introduction of an integral term to the NLPD
algorithm will minimize the tracking error.
On the other hand, the PID control tuning process is typically
made by trial-error procedure and can be time-consuming.
Consequently, self-adjusting control parameter methodologies
rise as a promising approach to deal with gain tuning, enhancing the closed-loop robustness. For instance, a genetic
algorithm was used to tune the gains of a fractional order
PID for set-point regulation in depth and steering subsystems
of an AUV, in [8]. Similarly, a PID control was tuned using
the Particle Swarm Optimization (PSO) method for set-point
regulation and trajectory tracking in diving and steering subsystems [9]. A Fuzzy Logic Controller (FLC) was used with
the PID algorithm to tune its gains adaptively. For example, in

[10], a decoupled Adaptive Fuzzy PID Controller (AFPIDC)
for trajectory tracking in the heading and depth of an AUV was
proposed. In this work, the adaption law is composed of two
terms, the initial constant control gains given by the designer
and the time-varying incremental gains, which depends on the
tracking error and its ratio. The incremental gain is adjusted
by fuzzy rules derived from the expert’s knowledge. Based on
simulation results, the AFPIDC performance is superior to the
nominal PID design during tracking trajectory tests. Similar
methodologies, using fuzzy logic to improve the PID controller
for path following or to demonstrate its robustness with respect
to external disturbances, can be found in [11], [12]. Finally,
inverse optimal PID control applied to a self-tuning controller
for an AUV modeled as a nonlinear autoregressive moving
average model with exogenous inputs was proposed in [13].
This paper is organized as follows: Section 2 describes the
mathematical model of the underwater vehicle. The proposed
controller based on a disturbance observer is shown in Section
3. The description of the real-time experiments is depicted in
Section 4. Finally, some concluding remarks and future work
are described in Section 5.

Fig. 1. The underwater vehicle Leonard with the earth-fixed frame
(OI , xI , yI , zI ) and the body-fixed frame (Ob , xb , yb , zb ).

as follows:
Mη (η) = J −T (η)M J −1 (η)
h
i
˙
Cη (ν, η) = J −T (η) C(ν) − M J −1 (η)J(η)
J −1 (η)

II. M ATHEMATICAL M ODEL

Dη (ν, η) = J −T (η)D(ν)J −1 (η)
gη (η) = J −T (η)g(η)
τη (η) = J −T (η)τ

The dynamic model of underwater vehicles has been extensively studied in the last years, and the reader can be referred
to [3] for a deeper description.
The description of the underwater vehicles dynamics considers two frames: the body-fixed frame and the earth-fixed
frame (see Fig. 1). The body-fixed frame using the SNAME
notation is given as follows:

M ν̇ + C(ν)ν + D(ν)ν + g(η) = τ + wν (t)

(1)

η̇ = J(η)ν

Where ν = [u, v, w, p, q, r]T is the state vector of velocity
relative to the body-fixed frame and η = [x, y, z, ϕ, θ, ψ]T
represents the vector of position and orientation relative to
the earth-fixed frame. Note that we can relate both frames
through the matrix of spatial transformation J(η) ∈ R6×6
as shown in Eq. (1). M ∈ R6×6 is the inertia matrix
where the effects of added mass are included, C(ν) ∈ R6×6
represents the Coriolis-centripetal matrix, D(ν) ∈ R6×6 is the
hydrodynamic damping matrix, g(η) ∈ R6 is the vector of
gravitational/buoyancy forces and moments. Finally, τ ∈ R6
is the control vector acting on the underwater vehicle and
wν (t) ∈ R6 defines the vector of external disturbances.
The robot dynamic model can be rewritten in terms of the
earth-fixed frame by using the kinematic transformation given

wη (t) = J −T (η)wν (t)
Then the underwater robot dynamics given by (1) can be
rewritten in terms of the earth-fixed frame as:
Mη (η)η̈+Cη (ν, η)η̇+Dη (ν, η)η̇+gη (η) = τη (η)+wη (t) (2)
As we will see later, the trajectory tracking controllers require information about the system parameters. However, it
is difficult in underwater robotics to accurately estimate the
hydrodynamic matrices shown in model (2) due to unexpected environmental changes. To reduce this phenomenon,
we rewrite the model (2) in terms of the nominal parameters.
Therefore, we introduce the following variable:
f (ν, η) = Mη (η)η̈ + Cη (ν, η)η̇ + Dη (ν, η)η̇ + gη (η)

(3)

This term is divided into the nominal dynamics fˆ(η, ν) and
the unknown dynamics f˜(η, ν) as:
f (η, ν) = fˆ(η, ν) + f˜(η, ν)

(4)

where:
fˆ(η, ν) = M̂η (η)η̈ + Ĉη (ν, η)η̇ + D̂η (ν, η)η̇ + ĝη (η)
f˜(η, ν) = M̃η (η)η̈ + C̃η (ν, η)η̇ + D̃η (ν, η)η̇ + g̃η (η)

(5)
(6)

Moreover, the matrices of the unknown dynamics vector
f˜(η, ν) are defined as M̃η = Mη − M̂η , C̃η = Cη − Ĉη ,
D̃η = Dη − D̂η and g̃η = gη − ĝη .

Introducing the given nomenclature, the dynamic system (2)
is rewritten in terms of known parameters, this yields to:

and
Z

M̂η (η)η̈ + Ĉη (ν, η)η̇ + D̂η (ν, η)η̇ + ĝη (η) = τη (η) + w(t)
(7)
where w(t) = wη (t) − f˜(η, ν). Note that the lumped disturbance term w(t) enclosed the external disturbances and the
unknown parameters of the vehicle dynamic model.
III. C ONTROLLER D ESIGN
This section addresses the design of a robust PD (RPD)
controller for the AUV. First, we design a classical PD
control for the trajectory tracking problem for the undisturbed
system. Then, we design a disturbance observer based on
High Order Sliding Modes (HOSM) theory and the Extended
State Observer (ESO). Additionally, we introduce the observer
into the control law to provide robustness toward external
disturbances and parametric uncertainties. Finally, the main
theorem is given.
A. PD Controller Design
The control objective is to track a variable reference. For
this reason, we define the tracking error as:
e(t) = η − ηd

(8)

where ηd (t) is the desired trajectory which is defined as
ηd (t) = [xd (t), yd (t), zd (t), ϕd (t), θd (t), ψd (t)]T .
We propose the following trajectory tracking control law:
i
h
τ = −J T M̂η η̈d + Ĉη η̇d + D̂η η̇d + ĝη + Kp e + Kd ė (9)
where ė = η̇ − η̇d is the time derivative of the tracking error.
Kp , Kd ∈ R6×6 are the feedback gain constant matrices.
To prove the stability of the proposed controller, we inject
the control (9) into the undisturbed system dynamics (7) to
obtain the following close-loop dynamics:
M̂η (η)ë = −Ĉη (ν, η)ė − D̂η ė − Kp e − Kd ė
This closed-loop system can be rewritten as:
#
  "
ė
d e
h

i
=
−M̂η−1 Ĉη + D̂η + Kd ė + Kp e
dt ė

(10)

e

ξ T Kp (ξ)dξ → ∞ as ∥e∥ → ∞

Finally, we can observe that the proposed Lyapunov function
V is a globally positive definite and radially unbounded.
Now, computing the time derivative of V , yields to:
1
˙
V̇ (e, ė) = ėT M̂η (η)ë + ėT M̂η (η)ė + eT Kp ė
(16)
2
Substituting the error dynamics (11) into the time derivative
of V , we have:
h
i
(17)
V̇ (e, ė) = −ėT D̂η + Kd ė
Since D̂η is a positive definite matrix [3], and the feedback
gain is selected positive definite Kd > 0, we can conclude
that V̇ is globally negative semi-definite, this means that
the unique equilibrium point is stable. Applying KrasovskiiLasalle’s theorem, is easy to deduce that ė = ë = 0, and
substituting these values into the closed-loop dynamics (11),
we can observe that the unique invariant set is defined by
e = 0. Thus, the origin is globally asymptotically stable.
B. Disturbance Observer Design
As we have seen in previous section, from the stability
analysis of the PD controller is not possible to ensure stability
when external disturbances are considered. This means the
PD controller is not robust toward external disturbances and
parametric uncertainties during real-time experiments. The
design of a disturbance observer based on high-order sliding
modes is shown to manage this drawback. The proposed observer will estimate the external disturbance and the parametric
uncertainty in finite time and inject this estimation into the PD
controller.
To simplify the observer design, we select the following
variables:
x1 = η

(11)

From the model (11), one can notice that the origin is the
unique equilibrium point.
Then, choosing the following Lyapunov function, we have:
Z e
1
ξ T Kp (ξ)dξ
(12)
V (e, ė) = ėT M̂η (η)ė +
2
0

(15)

0

;

x2 = η̇

Then, we rewrite the dynamic system (7) to the following:
ẋ1 = x2
ẋ2 = F (x) + G(x)τη + w(t)

(18)

Where:
h
i
F (x) = −M̂η (η)−1 Ĉη (ν, η)η̇ + D̂η (ν, η)η̇ + ĝη (η)

G(x) = M̂n (η)−1
where ξ is an auxiliary variable, which is used as follows:
w(t) = M̂η (η)−1 w(t)
Z e
Z e1
Z e6
T
T
T
ξ Kp (ξ)dξ =
ξ1 Kp (ξ1 )dξ1 + · · · +
ξ6 Kp (ξ6 )dξ6 From the dynamics (18), it is possible to observe that G(x)
0
0
0
(13) depends on the inverse of the matrix M̂η (·) which also depends
Moreover, based on the Lemma 2 results from [7], we can on the inverse of the transformation matrix J(η). To ensure
the existence of the matrix G(·), we introduce the following
ensure the following:
assumption:
Z e
Assumption 1: The pitch angle is smaller than π/2, i.e.,
ξ T Kp (ξ)dξ > 0 ∀e ̸= 0 ∈ Rn
(14)
0
|θ| < π/2.

In addition, it is necessary to establish a condition about the
upper bound of the disturbance as follows:
Assumption 2: The perturbation w(t) is a Lipschitz continuous signal.
This means that the time derivative of the external disturbance
term is bounded by
|ẇi (t, x)| ≤ Li |ϕ2 (σ)|,

i = 1, 6.

(19)

with Li ≥ 0 is a finite boundary. In practical terms, this means
that the waves/currents on the ocean satisfy A2, and they vary
slowly.
To design the disturbance observer, we firstly introduce the
auxiliary variable σ, defined as:
σ(t) = x2 (t) + Λx1 (t)

(20)

where σ(t)
:=
[σ1 , σ2 , · · · , σ6 ]T and Λ
=
diag(λ1 , λ2 , λ3 , λ4 , λ5 , λ6 ), Λ > 0 is a diagonal positive
definite matrix.
Taking the time derivative of σ yields to:
σ̇(t) = F (x) + G(x)τη + d(t)

(21)

with F (x) = F (x) + Λẋ1 (t). Then, considering d(t) as an
extended state Ξ(t) and its dynamics h(t), we obtain the
following:
σ̇(t) = F (χ) + G(χ)τη + Ξ(t)
Ξ̇(t) = h(t)

(22)

In addition, if we consider the following estimation errors:
σ̃(t) = σ̂(t) − σ(t)

(23)

Ξ̃(t) = Ξ̂(t) − Ξ(t)

(24)

Finally, the observer dynamics are given by:
σ̂˙ = F (x) + G(x)τη − K1 Φ1 (σ̃) + Ξ̂(t)
˙
Ξ̂ = − K2 Φ2 (σ̃)

(25)
(26)

˙
where σ̂(t) and Ξ̂(t) are the observer internal states. σ̂(t)
and
˙
Ξ̂(t) are the time derivative of the observer internal states.
Also, the vectors are defined as Φ1 (σ̃) = [ϕ11 , ϕ12 , · · · , ϕ16 ]T
and Φ2 (σ̃) = [ϕ21 , ϕ22 , · · · , ϕ26 ]T , where each element of the
mentioned vectors is given by:
ϕ1i (σ̃i ) = µ1i |σ̃i |1/2 sgn(σ̃i ) + µ2i σ̃i
1
3
ϕ2i (σ̃i ) = µ21i sgn(σ̃i ) + µ1i µ2i |σ̃i |1/2 sgn(σ̃i ) + µ22i σ̃i
2
2
where µ1i , µ2i ≥ 0 with i = 1, 6, K1 =
diag(k11 , k12 , · · · , k16 ) and K2 = diag(k21 , k22 , · · · , k26 )
are the observer gains which are definite positive matrices.
Because of lack of space, the stability proof of the proposed
observer is not shown here, but it follows the same arguments
that the theorem 1 proof shown in [21].

C. Robust PD Control Design
In this section, the robust PD controller for the trajectory
tracking of AUV is shown. The PD controller developed in the
previous section is improved by introducing the disturbance
observer based on the HOSM technique.
Consider the underwater vehicle dynamic model (7) and the
following adaptive PD controller:
τη = M̂η η̈d + Ĉη η̇d + D̂η η̇d + ĝη − Kp e − Kd ė
−M̂η dˆ − K̂Sign(ė)

(27)

where dˆ is the estimated
(25).The
h disturbance by the algorithm
i
vector Sign(ė) = sgn(ė1 ), · · · , sgn(ė6 ) , and K̂ is an
adaptive gain defined by:
˙
K̂ = γ∥ė∥

(28)

where γ is a constant positive gain. The proposed controller
asymptotically stabilizes the dynamic system (7), if the vehicle
is moving at low speed. The stability analysis of the proposed
controller is part of future work.
IV. R EAL -T IME E XPERIMENTAL R ESULTS
To test the robustness and effectiveness of the proposed
controller towards external disturbances and parametric uncertainties, we applied the developed controller to a real
underwater robot called Leonard, which is an experimental
platform developed at the Montpellier Laboratory of Computer
Science, Robotics, and Microelectronics (LIRMM) of the
University of Montpellier/CNRS in France. The underwater
robot Leonard is a tethered vehicle that measures 750 x 550
x 450 mm and weighs 28 kg. This robot has six independent
thrusters to obtain a full actuation.
Leonard has continuous communication with the ground
station, a computer with CPU Intel Core i7-3529M 2.9GHz,
8GB of RAM. The operative system is Windows 7, and the
interface GUI was developed in Visual C++2010. The robot
sends data to the ground station, and the machine computes
the control laws and sends the torque commands to the robot’s
thrusters.
The experimental tests were performed in a pool inside the
laboratory (dimensions 4×4×1.2m3 ). The control algorithms
that were tested concern only for the depth dynamics. However, the proposed control may be applied to the six degrees
of freedom of the vehicle.
To demonstrate the improvement to the PD controller, two
scenarios were considered, namely:
1) Nominal Case: In this scenario, the robot follows a given
desired trajectory without considering any disturbances.
The gains of both controllers were tuned in this stage.
2) Perturbed Case: In this test, we modified the robot’s
buoyancy and damping to prove the proposed controller
effectiveness towards extreme changes in the hydrodynamic parameters.

Finally, to verify the effectiveness of the RPD over the PD
numerically, the Root Mean Square Error (RMSE) is computed
for each scenario and it was depicted in Table V-A.

Fig. 2. Modification of the hydrodynamic parameters of the robot Leonard.

A. Nominal Case Results
The real-time experimental results are shown in Fig. IV-B.
In the upper part of Fig. IV-B, we can observe that the robot
starts on the surface, goes to a depth of 0.3 m, stays there
for 30 seconds, and finally goes up to a 0.2 m and hovers
there until the experiment ends. From Fig. IV-B, one can
observe that the RPD (red line) has a better performance than
the classic PD (blue line). In the middle of Fig. IV-B, we
plotted the tracking errors and can confirm that the RPD shows
superior performance at the end of the experiment. Finally, at
the bottom of Fig. IV-B, we can observe the force exerted by
the thrusters.

V. C ONCLUSIONS AND F UTURE W ORK
In this paper, a robust PD controller has been designed
for the trajectory tracking in depth control of the underwater
vehicle. First, the mathematical model of the vehicle was
described. Then, after some assumptions, the dynamic system
in terms of the nominal parameters was exposed. From the
given model, the design of a simple PD controller was developed. The stability analysis in closed-loop has been addressed.
After, a disturbance observer based on high-order sliding
modes theory and the extended state observer was designed.
Moreover, a PD controller with the developed disturbance
observer was given in the main theorem of the paper. The proposed controllers have been implemented in the experimental
platform. The real-time experiments results demonstrate the
proposed controller efficacy and robustness towards external
disturbances and parametric uncertainties. The future work
will consist in implementing this controller for the yaw and
pitch dynamics of the robot. Also, we will demonstrate the
stability of the proposed algorithm.
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TABLE I
ROOT M EAN S QUARE E RROR P ERFORMANCE C RITERIA

B. Perturbed Case Results
In this scenario, we have modified the vehicle hydrodynamic
parameters to test the proposed controller robustness. We have
changed the robot’s buoyancy by attaching two floaters to
the body of the robot (Fig. 2). As a result, we increase the
buoyancy by 100%. Note that the mentioned configuration we
have modified the value of ĝη (η) from the model (7). Also,
during this experiment, we modify the damping of the robot by
attaching a rigid plastic sheet (dimension 45 × 10 cm) to one
side of the AUV, increasing the damping along the z axis up to
90%. Mathematically, we have modified the matrix D̂η (ν, η)
from dynamical system (7).
The experimental results are depicted in Fig. IV-B. At the
top of the Figure, we can observe that the PD controller (blue
line) fails to track the desired trajectory (black dashed line).
However, the proposed algorithm (red line) converges to the
reference a few seconds after starting the experiment. This
means that the proposed algorithm improves the classical PD
control. In real scenarios, the variation in the water salinity
changes the robot’s buoyancy. With the implementation of
our controller, we may mitigate this negative effect during
autonomous missions at sea.
In the middle of Fig.IV-B, we have plotted the tracking
errors of this experiment. Finally, at the bottom of the Figure,
we observe the evolution of the control inputs during the test.

Case
Nominal
Disturbed

PD
RM SEz
0.0036
0.0789

RPD
RM SEz
0.00095
0.0047
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