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Abstract—This work studies the parameter identification of
a hybrid model with Particle Swarm Optimization. A hybrid
model is based on selection functions that allow the switching
between simple mathematical expressions in order to describe a
complex behavior. In this work two performance functions are
proposed to perform the identification: The former considers
a switching between functions on their structure. The latter
implements function penalty functions in order to avoid the
evaluation of the selection functions. These functions test for the
parameter identification of a Shape Memory Alloy model under
a numerical simulation. The quality of the computed estimates is
tested using statistical tools to assure repeatability and to verify
the influence of the performance functions.
Index Terms—Parameter identification, Hysteresis, Particle
Swarm Optimization, Hybrid model, Smart actuator, Shape
Memory Alloy

I. I NTRODUCTION
The knowledge of the dynamical structure of a system
is required to design control laws based on the model. Not
only the mathematical expression that describes the system is
necessary, the numerical values of the parameters in the model
must be known in order to perform the tuning of the control
law to assure a high quality tracking process. The process of
estimating numerical values of the parameters for a system
is called parameter identification. This type of algorithms has
been widely studied on the automatic control area. One of
the most applied approximations is the Least Square (LS)
algorithm [1]. The main idea used on this type of identification
consists of designing a regressor vector such that a linear
quadratic function is minimized. Other well-known algorithm
is the Gradient algorithm [2], which allows the estimation of
the parameters for online tasks. It has been widely used for
adaptive control problems. These algorithms are usually based
on the system output. Even though other systems consider
different signals such as the Closed-Loop Input Error (CLIE)
[3], this one is similar to the gradient algorithms and compute
the estimates using a set of differential equations.
The parameter identification process with meta-heuristic
algorithms has been previously performed. Conversely to the
standard algorithms mentioned before, these are based on
an extensive test of solutions over a set of feasible solutions in order to minimize a performance function. This
performance function does not necessary corresponds to a
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quadratic structure, however, such function is required to be
positively defined. Some examples of parameter identification
applying meta-heuristic algorithms are found in [4]–[7]. It
must be mentioned that this type of algorithms simplify the
data acquisition process, since their only require a measurable
output in order to perform the task. The classical algorithms
like the LS posses a regressor that contains several variables
that are not always measurable and must be estimated using
observers or numerical differentiators.
A hybrid model contained mathematical expressions that
allow to switch between functions based on a conditional
expression. Usually, this type of models are used to describe
complex behaviors like the hysteresis effect on smart materials.
The identification of hybrid models has been performed using
classical approximations. On [8] an iterative algorithm has
been applied to identify the parameters of a model that posses
two cases, each one corresponds to a non-linear function.
A similar case is show on the [9] where the model of a
Wiener system is identified using an algorithm based on the
LS. For this type of systems, more advanced tools has been
used as the instrumental variable on [10]. A hydraulic servosystem with switching properties has been identified using the
Particle Swarm Optimization (PSO) algorithm [11]. On [12]
a parameter identification with the use of a neural network
has been performed applied for reluctance motors. The robust nonlinear identification from a Boost DC-DC converter
has been reported on [13] with the implementation from
an algebraic parameter identification method. In the applied
performance function based on the output error is supposed
that exists a set of pre-parametrized parameters exists, which
allows the inclusion of an additive penalty function based
on the difference of the computed and the pre-parametrized
parameters. Moreover, there exists a algorithm which has
been designed to perform the identification of parameters on
hysteresis models based on switching as described on [14],
where the parameters of a blade’s dynamic stall model are
identified using a performance function that considers the
square error.
The aim of this work is to make a comparison between
the quality of the estimated parameters obtained using a
classical performance index where exists a switching between
the functions and a performance index that includes penalty

functions to emulate the switching process. The proposed
performance index allows the evaluation of all the cases that
composing the hybrid model at the same time. However, the
penalty functions makes the computed value for the functions
(which does not correspond to the conditional expression), to
quickly decrease until it is negligible.
The outline of this work is defined as follows: Section II
includes the preliminaries about the hybrid model, the PSO
algorithm and the problem statement. Section III describes the
parameter identification problem using the hybrid model and
describes the way to implement the penalty functions on the
performance index. A study case based on the identification of
parameters from a Shape Memory Alloy (SMA) spring model
is developed on Section IV. Finally, on the Section V are
included the concluding remarks of this work.
II. P RELIMINARIES AND PROBLEM STATEMENT
This section presents the hybrid model, the PSO and useful
information used in this work. Also, the problem statement is
provided.
A. Hybrid model
The model of phenomenons that possess a complex dynamic
could be simplified by using a hybrid model. A hybrid model
[15] can be described as,
ẋ
y

= f (x, t, u, θ)
= H(x, ẋ, t, θ)

(1)

where x ∈ Rn is the state vector, with n number of states and
y ∈ R is the measurable output. The vector θ ∈ Rm corresponds to the m parameters of the model that are supposed
invariant over the time. The function H(x, z, t, θ) is composed
by several mathematical functions that are switched between
them based on a set of conditional functions such as:


 h1 (x, t, θ) when p1 (x, ẋ)

 h2 (x, t, θ) when p2 (x, ẋ)
(2)
H(x, ẋ, t, θ) =
..
..
..

.
.
.



hs (x, t, θ) when ps (x, ẋ)
where h1 , h2 , . . . , hs are the s piecewise functions that describes the behavior of the dynamical system output. At
the same time, terms p1 , p2 , . . . , ps are the s conditional
expressions that defines the switching process between the
functions hi in order to emulate a complex dynamic.
A numerical optimization problem consists of the estimation
of values from a vector of solutions ζ = [ζ1 , ζ ∈ ta2 , . . . , ζq ] ∈
Ω such as the minimum value of performance index J(·).
The term Ω ∈ Rq is the set of feasible solutions and is
defined as,
ϑ1 (ζ) = 0, . . . , ϑce (ζ) = 0}

J(ζ ∗ ) ≤ J(ζ) ∀ z ∈ Ω

(3)

where the functions κi (ζ) correspond to ci inequality constraints and the functions ϑi (ζ) are ce equality constraints.

(4)

The Particle Swarm Optimization (PSO) algorithm [16] is
an very common technique used to solve numerical optimization problems. This algorithm is based on the implementation
of an exhaustive search from solutions over the set Ω during
k iterations, in order to estimate the value of ζ that provides
a minimum value of J. The way the solutions to be tested is
selected is based on the behavior of a bird group when they
are searching for resources.
The PSO algorithm considers that an vector ζ is the position
of a particle on a q dimensional space constrained by Ω, in
this space exists a ψ number of particles. The combination of
all the particles on this space is named as a swarm. The main
idea is that each particle possesses its own dynamical behavior
based on its actual position and the position that previously
provides a lower value of J. However, at the same time the
particles on the swarm share information that modifies their
dynamic [17] based on the position of the particle that posses
the minimum value of J during the iteration k.
This dynamic is expressed as,
ωi (k + 1)
ζi (k + 1)

ωi (k) + φ1 (k)P (ζi,∗ (k) − ζi (k))
+φ2 (k)L (ζ∗ (k) − ζi (k))
=
ζi (k) + ωi (k + 1)

=

(5)

where ζi and ωi are the particle position and velocity respectively. The terms P, L are positive constants and φ1 , φ2 are
random bounded signals on the interval (0, 1]. The term ζi,∗ (k)
corresponds to the best position that has been obtained by the
particle i during the iteration k and is defined as
ζ∗,i (k) = argmin {J (ζi (s))}

(6)

s∈[1,...,k]

On the other hand, the term ζ∗ corresponds to the best solution
obtained by the swarm until the iteration k,
ζ∗ (k) = argmin {J (ζg (k))}

B. Particle Swarm Optimization algorithm

Ω := {ζ ∈ Rq |κ1 (ζ) ≤ 0, . . . , κci (ζ) ≤ 0,

These functions restricts the numerical values of the solutions
that are considered as an feasible solution of the problem. Furthermore, the definition of Ω can be extended with the addition
of bounds for each component ζi of the particle ζ considering
upper and/or lower constraints, i.e. ζ i ≤ xi ≤ ζ i , i = 1, 2, 3.
The optimization problem is solved once a optimal value
ζ ∗ is computed. This value is defined as,

(7)

g∈[1,...,n]

A pair of stop parameters are defined. The first one is a lower
bound σ for the performance index, and once that J(ζi (k)) <
σ is reached, the algorithm stops its execution. This criteria
is defined by the used based on the expected quality of the
optimized value. The second stop parameter is kmax and it
defines the maximum number of iterations that the algorithm
executes. Once a stop criteria is fulfilled the value of ζ∗ is
taken as the optimal value ζ ∗ . The implementation of the PSO
algorithm is shown in Algorithm 1.

The way the optimization procedure is performed depends
on the performance function J. For this reason the way J is
defined modifies the computed estimations of the parameters.
Therefore, a feasible J must be proposed in order to enhance
the estimated parameters and decrease the computational resources used to solve the identification problem.

Algorithm 1: Particle Swarm Optimization algorithm
Data: J(·) and Ω
Result: ζ∗
1 Generate random solutions ζi (1) ∈ Ω i = 1, . . . , r ;
2 Evaluate the solutions ζi (1) using J(·) ;
3 Obtain the terms (pbest and gbest) ζi,∗ (1) and ζ∗ (1);
4 Compute the the velocities ωi (2) and the positions
ζi (2) ;
5 Set k = 2;
6 while k < kmax do
7
Evaluate the solutions ζi (k) using J(·) ;
8
Obtain the terms (pbest and gbest) ζi,∗ (k) and
ζ∗ (k);
9
if J (ζ∗ (k)) ≥ σ then
10
Compute the velocities ωi (k) and the positions
ζi (k) ;
11
while ζi (k) 6∈ Ω do
ωi (k)
12
Decrease the velocity as ωi (k) =
;
2
13
Compute a new position ζi (k) using ωi (k);
14
end
15
else
16
break;
17
end
18
k =k+1 ;
19 end

III. PARAMETER IDENTIFICATION OF A HYBRID MODEL
The main procedure used to perform the parameter identification of a system is based on the implementation of a virtual
model.
For the classical cases where the system does not possess
a function that describes a hybrid behavior, the performance
function to be applied could be selected as,
Z t
J(xi ) =
|y(τ ) − yv (τ )|dτ
(9)
0

However, when the hybrid function exists on the dynamic
model a modified performance function can be defined like,

 |y(τ ) − h1 (x, τ, θ)|dτ p1 (z)

Z t
 |y(τ ) − h2 (x, τ, θ)|dτ p2 (z)
(10)
J(xi ) =
..
..
0 
.
.



|y(τ ) − hn (x, τ, θ)|dτ pn (z)

C. Problem statement
The parameter identification problem using a meta-heuristic
algorithm requires an extensive test of feasible solutions to
verify their fitness on the performance function J. This be
implement with use of a virtual model as [18],
ẋv
yv

= f (xv , t, u, θ̂)
= H(xv , t, θ̂)

(8)

where xv is the states of the virtual model, yv is the virtual
output of the model, u is the input applied to the original
system (1). The vector θ̂ contents the estimated parameters
that are tested as solution by the PSO algorithm. The error
between the virtual output and the measured output of the
system is defined as e = yv − y in order to be used on J.
The implementation of this process offline requires the
following steps:
•

•

Data acquisition: A set of experiments must be performed
in order to save the data on a file for the further comparison. The minimum data required is the input of the
system u and the measurable output y.
PSO optimization process: The PSO algorithm is implemented as illustrated on Algorithm 1. It must be noticed
that the steps that evaluate the solutions on J includes a
numerical simulation of the dynamical system in order to
generate the virtual output yv . The way the PSO is used
as parameter identifier is shown in Figure 1.

It must be noticed that for each sampling time of the dynamical
simulation the process of selection between functions must be
performed in order to be capable of computing the integral
value.
Therefore, there exists another suitable performance function to solve this problem with the addition of penalty functions as a weight for the functions that are included on
H(xv , t, θ̂) such that the performance function can be rewritten
as,
Z tX
n
J(xi ) =
ηj |y(τ ) − hj (x, τ, θ)|dτ
(11)
0 j=1

where ηj ∈ R+ is a positive the penalty function that decreases
the value computed for the function pj when the decision
condition kj is not fulfill. In other case, the value of the weight
must be at least one or even greater.
IV. C ASE STUDY:F ORCE HYSTERESIS MODEL FROM A
S HAPE M EMORY A LLOY SPRING
In order to evaluate the performance of both functions
for the case of a hybrid model, a numerical example using
the mathematical model of temperature/force from a Shape
Memory Alloy (SMA) [19] spring is performed. A SMA is
a special type of material that posses the capability to return
to a previously set shape when their temperature increases.
However, when the temperature decreases, the alloy losses
their stiffness and become malleable [20].
The dynamical model of this material is given by [19],
Ṫ
H

= αu2 − β(T − Ta )
=
Γ(T, Ṫ )

(12)

PSO algorithm
Particle of the swarm

Particle i
Dynamic

ζi

Lbest
ζ∗,i

ζi
Dynamical
simulation

Saved Data

θ̂
u
y

Virtual system
ẋv = f (xv , t, u, θ̂)
yv = H(xv , t, θ̂)

+
yv

J(ζi )

e

J

−

ψ − 1 particles

ζ

Gbest
ζ∗

J(ζ)

Fig. 1: Scheme of implementation of the PSO as parameter identifier. The dynamic of ψ − 1 particles is contained on the
corresponding block to simplify the graphic representation.

where T and Ṫ are the temperature and their first derivative,
respectively, Ta the temperature in the operational space. F is
the output force generated by the motion of the springs and
u is the current applied to the spring in order to increase the
temperature. The parameters α and β are positive constants
related to the specific heat coefficient and the heat dissipation,
respectively. The function Γ corresponds to a description from
a hybrid behavior, defined as,

al

+ cl Ṫ < 0
−b
1 + e l (T −dl )
Γ(T, Ṫ ) =
(13)
a
u

+ cu Ṫ ≥ 0
−b
(T
−d
)
u
l
1+e
where the terms al , au defines the lower bound of their
functions, bl , bu are the slope, cl , cu defines the upper bound
and dl , du translates the sigmoid over the r axis. The switching
between both cases is given by the sign of the temperature
derivative.
Such the performance function that switches between cases
be defined as,

al
Z t  |H(τ ) −
+ cl |dτ Ṫ < 0
−bl (Tv (τ )−dl )
1
+
e
J1 =
a
u
+ cu |dτ Ṫ ≥ 0
0  |H(τ ) −
1 + e−bl (Tv (τ )−du )
(14)
When the performance function uses a penalty function, this
one is,
Z t
al
+ cl |
J2 =
η1 |H(τ ) −
−bl (Tv (τ )−dl )
(15)
1
+
e
0
au
+η2 |H(τ ) − 1+e−bl (T
+ cu |dτ
v (τ )−du )
where the term ηi is defined as,
ηi =
for i = 1, 2.

1
1 + e(−1)i Ki Ṫv

(16)

A. Simulation setup
The implementation has been performed using Matlab
2020b software on a 64-bit AMD Ryzen 5 1600X computer.
The simulation SMA spring dynamic model has been performed using Simulink with a sampling time of 0.001s and
the Runge-Kutta numerical integration method. The tuning of
the PSO algorithm (5) has been realized with the IRACE tool
[21], which is a package of the RStudio software. The obtained
tuned values are p = 1.2343 and l = 1.5846.
The vector of solutions is given as,
xi = [α, β, al , au , bl , bu , cl , cu , dl , du ]

(17)

Based on the previous knowledge about the system given
on [19], the following inequality constraints must be fulfilled,
g1 : α > 0
g2 : β > 0
g3 : al > 0
g4 : au > 0
g5 : bl > 0
g6 : bu > 0
g7 : cl > 0
g8 : cu > 0
g9 : dl > 0
g10 : du > 0

(18)

Moreover, a set of upper bounds for all the parameters has
been defined at 100 in order to constraint the search space.
The weight terms on the penalty functions on the performance
indexes are defined as K1 , K2 = 50. Each case considers
20 particles on the PSO algorithm and has been executed 30
times in order to perform the statistical evaluation of their
performance. The terms kmax = 100 and σ = 0.001 are set
for the stop criteria.

The required time to perform the parameter identification
is modified based on the performance function, when the
function J1 is applied on the PSO a total of 7774.82s are
required to execute the 100 iterations of the algorithm. On the
other hand, when J2 is applied, the time required to execute
the algorithm is only of 1630.43s. It is clearly observed that
the performance function J2 requires less time to compute the
parameter identification process than the case that uses J1 .
This is at least four times faster to provide results.
The comparison of the median of the estimated parameters is shown in the Table I. The results shown that when
the estimation process is performed using the performance
function J2 the parameters are closer to the real values on
the simulation.

TABLE II: Standard deviation of the estimated parameters of
the SMA model using a PSO algorithm
Parameter
α
β
al
bl
cl
dl
au
bu
cu
du

PSO with J1
1.1353
1.4422
1.4014
5.0911
0.1623
11.3044
1.0288
2.1417
0.7080
8.5632

PSO with J2
0.8154
1.0853
1.2086
4.3192
0.6866
5.5632
0.7680
1.2045
1.3086
6.2233

TABLE I: Median of the estimated parameters of the SMA
model using a PSO algorithm
J2

Parameter
α
β
al
bl
cl
dl
au
bu
cu
du

Original
2
3
2.83
8.33
2
26
2.73
3.55
2.2
25.3

PSO with J1
1.6023
2.8212
1.4798
11.4932
0.1875
28.5339
1.1697
2.3459
0.6175
25.0295

PSO with J2
2.1016
3.2961
2.9440
8.7648
2.0458
25.6790
2.3878
3.2012
2.3070
25.1221

J1

0.8

The mean of the performance function computed using the
PSO algorithm and the index J1 is 2.54 × 104 , for the PSO
when the index is J2 the mean has the value of 1.76×104 . The
obtained values shown that even if J2 considers both functions
of the model at the same moment, their value is lower than
the case J1 . This phenomenon could be explained because the
estimated parameters are closer to the real ones making the
virtual model, making the error between the original data and
the virtual model decrease.
B. Statistical analysis
Considering the stochastic nature of the signals, φ1 and φ2
it is required to perform a statistical analysis of the results
to evaluate the quality of the solutions and to verify that
the difference between the computed results are based on the
performance function and not the stochastic behavior of these
signals.
To check the variability of the estimated parameters between
executions of the algorithm, the standard deviation of each one
is computed and shown in the Table II. On this Table it can be
observed that in almost all the cases, the estimates computed
using J2 provides lower variability than the ones computed
by J1 . The exception is the parameters cl and cu where J1
provides lower variability than the other case.
In order to prove that difference between results are generated by the change on the performance function and not due
the stochastic signals a Bonferroni non-parametrical test has

1

1.2

1.4

1.6

1.8

2

2.2

Means

Fig. 2: Bonferroni non-parametrical test performed on the
computed performance functions.

been performed [22]. First one, a Kruskall-Wallis test is performed to compute the means and the p-value. The KruskallWallis test makes a comparison between the distribution of the
data groups in order to identify if these groups belongs to a
same population or not. If they belong to the same population
it implies the variation of the data is produced by the stochastic
nature of the algorithm and not by the variations proposed in
the study. For this particular case it implies that if they belong
to the same population the effect of the performance function
J could be neglected. The computed p-value corresponds
to 5.9035 × 10−5 , this implies that the probability that the
differences between the results are significant is over the 99%.
Then the Bonferroni test has been performed, this tests allows
to compare if the behavior of the data is closer between the
groups or it is clearly separable. The results are shown on
Figure 2, it is clearly observed that there exists significant
differences between the results, and these are not related to
the stochastic nature of the signals φ1 and φ2 .
To verify that the computed parameters provides a similar
behavior to the original signal, a comparison between the original model and the model when the estimated parameters are
applied is shown on Figure 3. The behavior of the computed
output based on the performance function applied shows that
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the estimates computed using J2 generate a closer output of
the virtual model. For the case of the estimates computed with
J1 it is clearly observed that the difference of values produces
changes on the output making the behavior are not closer than
the one obtained with J2 . The amplitude differences on this
case is generated by the error on the parameters al and au ,
and translation of the behavior over the x-axis for the cases
where the differences are produced by dl .
V. C ONCLUSIONS
This works studies the quality of the estimated parameters
computed for a hybrid model using the PSO algorithm for two
different performance functions. The goal of the implementation of performance functions is to avoid the necessity of applying a switching during the computation of the performance
index. The obtained results shown that the time required to
execute the algorithm decreases when the penalty functions
are applied instead of the switching between conditions. The
repeatability of the estimated parameters has been verified
using the standard deviation, where it can be noticed that
the function with penalty function decreases the deviation
for almost all the parameters. A statistical test of Bonferroni
has been performed to assure the results are dependent on
the performance function and not from the stochastic nature
of the PSO algorithm. The implementation of the estimated
parameters on the model allows to verify the use of penalty
functions is a feasible option to be implemented on the
performance function J in order to improve the quality of the
estimated parameters. However, the use of this performance
function with a more advanced PSO algorithms could improve
these results an remains as a future work to be.
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