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Abstract—This paper presents an identification method to
estimate the friction model parameters of a servomechanism.
A continuously differentiable function is used to capture the
friction effect. The velocity and friction force of the servo
are estimated using an integral linear extended state observer
(ILESO) that uses the position measurements. The nonlinear
least squares (NLLS) method is used to identify the parameters of
the nonlinearly parameterized friction model. Simulation studies
comparing the identified continuous friction model with the
classical discontinuous friction model and with a neural networkbased friction model are presented.
Index Terms—Extended state observer, friction identification,
neural networks, nonlinear least squares.

I. I NTRODUCTION
The identification and compensation of the friction force
is a fundamental design problem in high-performance motion
control systems. To design an effective model-based friction
compensator, a good knowledge of the friction model along
with a precise identification scheme is required. However, it
is hard to obtain an analytical description of the friction force.
There exist different kinds of friction models and identification
techniques for them [1]–[3]. The identified friction model can
be incorporated into the control algorithm, whose performance
depends on the accuracy of the estimated model.
The first step in friction identification is to obtain the
friction force for a given velocity, which can be achieved
using disturbance observers such as the high-gain observer [4],
sliding mode observer [5], and nonlinear disturbance observer
[6]. Meanwhile, an extended state observer can simultaneously
estimate the system’s states and friction without requiring an
exact system model [7]–[11]. Its linear version, denoted as
LESO, only has a single tuning parameter; therefore, it is
widely used in friction estimation applications, using either
the position measurements [7], [8] or their integral [12].
Using the estimated friction force and velocity, one can
construct a fixed friction model. In the case of little or no
theoretical knowledge of the friction model, a non-parametric
model can be constructed using neural networks [13], fuzzy
logic [14], or support vector machines [15]. Otherwise, a
parametric friction model can be used, where its estimation
accuracy depends on the nature of the friction model and its
identification scheme.
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The friction models are usually nonlinearly parameterized
and can be either discontinuous or piecewise continuous; hence
the ordinary LS algorithm is not suitable to identify them.
Instead, a NLLS-based offline method can be used [16], [17];
however, improper choice of its initial parameters can lead
to wrong parameter estimations. Moreover, discontinuous or
piecewise continuous models can cause difficulties in the
theoretical analysis and practical implementation, which can
be overcome by incorporating continuous friction models in
the compensation designs [7], [18]–[20]. However, improper
choice of the friction parameters can lead to a significant
approximation error at very low velocity. A comparative study
of the continuous friction model with the discontinuous one
could facilitate the parameter selection for the continuous
model and the conversion between these models.
The aim of the paper is to identify the friction in a
servomechanism represented using the continuous model proposed in [18]. Its parametric relationship with the classical
discontinuous friction model [1] is theoretically established.
The velocity and the friction force are estimated using an
ILESO. It uses the integral of the servo’s position to deal
with the noise presented in the position measurements. A twostep offline identification scheme proposed in [21] is used to
estimate those parameters. Firstly, the viscous and Coulomb
coefficients of this friction model are estimated using the
traditional LS method. Secondly, the NLLS is used to identify
all the parameters of the friction model. The initial conditions of the NLLS are computed using both the parameters
obtained in the first step and the parametric relations between
the continuous and discontinuous friction models. Compared
to the results presented in [21], this paper focuses on the
comparison of the identified continuous friction model with
the discontinuous one and with a neural network-based friction
model. Finally, a proportional derivative (PD) controller with
friction compensation is simulated to verify its performance by
using the identified continuous model and the neural network
model.
The rest of this paper is organized as follows. Section
II presents the parametric relation between the continuous
and discontinuous friction models. Section III discusses the
ILESO-based estimation of the velocity and friction force. The
identification of the continuous friction model is described in

Section IV. Finally, Section V demonstrates simulation results,
and Section VI concludes this paper.
II. C ONTINUOUS F RICTION M ODEL
Let us consider the widely used classical friction model [1]
expressed by
m

F (q̇) = (fs −fc ) exp−(|q̇|/vs ) sign(q̇)+fc sign(q̇)+fv q̇ (1)
where F is the friction force, q̇ is the velocity of the mechanical system, m is a parameter usually selected as 1 or 2,
fs is the stiction force, vs is the Stribeck velocity, and fc
and fv are the Coulomb and viscous friction coefficients,
respectively. Note that this discontinuous model can bring
complexity into the theoretical design of the controller due
to its undifferentiable nature. On the other hand, a continuous
friction model can greatly simplify the theoretical analysis but
at the cost of approximation error.
A continuous friction model proposed in [18] is defined as
F (q̇, γ) = γ1 [tanh(γ2 q̇) − tanh(γ3 q̇)] + γ4 tanh(γ5 q̇) + γ6 q̇
(2)
where γ = [γ1 , γ2 , . . . , γ6 ]T is a vector of positive parameters.
The term [tanh(γ2 q̇)−tanh(γ3 q̇)] captures the Stribeck effect,
γ4 tanh(γ5 q̇) represents the Coulomb friction, γ6 q̇ is the
viscous friction, and γ1 + γ4 corresponds to the static friction
coefficient.
To compare the friction models (1) and (2), first assume
that γ5  0, which produces tanh(γ5 q̇) ≈ sign(q̇) and leads
to the parameter relation γ4 = fc . Now, choosing γ6 = fv we
get
γ4 tanh(γ5 q̇) + γ6 q̇ ≈ fc sign(q̇) + fv q̇
(3)
Selecting γ1 = fs − fc implies that the remaining terms of
the friction models must satisfy
m

[tanh(γ2 q̇) − tanh(γ3 q̇)] ≈ exp−(|q̇|/vs ) sign(q̇)
{z
}
|

(a) m = 1.

(b) m = 2.

Fig. 1: Comparison of σ1 (q̇) and σ2 (q̇).
Note that the values of Stribeck velocity depends upon
the mechanism and lubricant, and typically varies between
the range 0.00001 and 0.1 m/s [1]. The approximation (8) is
satisfied for these typical values of vs . The comparison of the
functions σ1 (q̇) and σ2 (q̇) using the parameter m equals to 1
and 2, is shown in Fig. 1, which indicates that σ1 (q̇) ≈ σ2 (q̇).
From the above analysis, it can be concluded that the
continuous model represented in (2) behaves similarly to the
classical model in (1) if

(4)

γ5  0,

σ2 (q̇)

which is equivalent to

 

1 − exp−2γ2 q̇
1 − exp−2γ3 q̇
−
≈ σ2 (q̇)
(5)
1 + exp−2γ2 q̇
1 + exp−2γ3 q̇


exp−2γ3 q̇ − exp−2γ2 q̇
≈ σ2 (q̇)
(6)
2
(1 + exp−2γ2 q̇ )(1 + exp−2γ3 q̇ )
Note that both sides of (6) have the same sign if and only if
γ2 > γ3 . Moreover, by choosing γ2  0 leads to tanh(γ2 q̇) ≈
sign(q̇) and converts (5) to
(1 + exp−2γ3 q̇ )sign(q̇) − (1 − exp−2γ3 q̇ )
≈ σ2 (q̇)
(1 + exp−2γ3 q̇ )
|
{z
}

(7)

γ2 > γ3 ,

γ2  0

(9)

and
γ4 = fc ,

γ6 = fv ,

γ1 = fs − fc ,

γ3 = 1/vs .

(10)

III. O BSERVER DESIGN FOR V ELOCITY AND F RICTION
E STIMATION
Let us consider the following servomechanism model with
the nonlinear continuous friction force (2)
q̈ + aF (q̇, γ) =
y =

bu
q+d

(11)

σ1 (q̇)

−2γ3 q̇

where (1 + exp
)sign(q̇) − (1 − exp−2γ3 q̇ ) equals to:
−2γ3 q̇
2 exp
for q̇ > 0; and −2 for q̇ < 0. Finally, if γ3 = 1/vs ,
then (7) is equivalent to
2 exp−2γ3 q̇
m
≈ exp−(|q̇|/vs )
(1 + exp−2γ3 q̇ )

for q̇ > 0,
(8)

−2
m
≈ − exp−(|q̇|/vs )
(1 + exp−2γ3 q̇ )

for q̇ < 0.

where a and b are known positive parameters, with a being
dependent on the inertia or mass of the servo, and b is
proportional to the gain of the servo amplifier. Moreover, u
is the control input and y is the measured output, that is the
servo position q corrupted by an additive bounded noise d. By
letting x1 = q and x2R = q̇, and introducing the new extended
t
state variables x0 = 0 y(τ )dτ and x3 = −aF (q̇, γ), as well
as their dynamics ẋ0 = x1 + d and ẋ3 = −aḞ (q̇, γ), the

overall dynamics of the servomechanism can be reformulated
as the following state-space representation:
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−aḞ
where the term Ḟ is bounded since the friction force F
represented using (2) is a continuous function of q̇. Now,
consider the following ILESO corresponding to system (12)
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where θ is the observer gain that represents its bandwidth.
Using (12) and (13), the error dynamics of the system is
obtained as
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A

e

Λ

(14)
where ei = xi − x
bi , i = 0, 1, 2, 3 are the state estimation
errors. Since A is Hurwitz and the disturbance vector Λ is
bounded, i.e., kΛk ≤ Λ, then the estimation error e in (14)
fulfills the following inequality


Λ
µΛ
ke(t)k ≤ α exp−β(t−to ) ke(t0 )k −
, t ≥ t0 (15)
+
β
β
where α > 0, and β > 0 is a parameter proportional to θ.
The above inequality implies that the estimated states x
bi , i =
0, 1, 2, 3 exponentially converge to a bounded ball around the
system states xi [21].
The identification procedure is carried out in closed-loop by
means of the following Proportional Derivative (PD) controller
u = ẍd + kd (ẋd − x
b2 ) + kp (xd − x
b1 )

(16)

where x
b1 and x
b2 are obtained using the ILESO, and xd , ẋd , ẍd
are the desired position, velocity, and acceleration input references, respectively.
IV. I DENTIFICATION OF THE C ONTINUOUS F RICTION
M ODEL
A two-step offline estimation procedure, described in [21],
is used to obtain the parameters γi , i = 1, 2, . . . , 6 of the
continuous friction model F (q̇, γ) in (2) using the estimated
friction force Fb = −b
x3 /a and velocity x
b2 produced by the
ILESO. In the first step, the parameters γ4 and γ6 are identified
through the offline LS algorithm. The second step uses these
identified parameters, and exploits assumptions in (9) and the
parametric relations in (10) to provide a good initial guess for
the NLLS method, which iteratively searches the best estimate
b for the parameter vector γ of the continuous friction model
γ

(2). The block diagram representation of the identification
scheme is provided in Fig. 2, and its details are described
below.
[xd , ẋd , ẍd ]

u

Controller (16)
[b
x1 , x
b2 ]

Servo (11)

ILESO (13)

y = x1 + d

[b
x2 , x
b3 ]
OFFLINE

LS estimation
of model (17)

[b
γ4 , γ
b6 ]

NLLS estimation
of model (2)

Step 1

b
γ

Step 2

Fig. 2: Block diagram of the identification scheme.

A. LS method
To apply the LS method, the friction model need to be
linearly parameterized. For that, the Stribeck effect is assumed
to be zero in the friction models (1) and (2). This leads to the
parametric relations γ4 = fc and γ6 = fv , hence
Fb(t) = γ4 sign(b
x2 (t)) + γ6 x
b2 (t) = ψ T (t)ϑ

(17)

T

where ψ(t) = [sign(b
x2 (t)), x
b2 (t)] and ϑ = [γ4 , γ6 ]T . The
above linear parameterized model can be now identified by
means of the LS method by minimizing the following cost
function:
N h
i2
X
b = 1
Fb(k) − (b
γ4 sign(b
x2 (k)) + γ
b6 x
b2 (k))
V1 (ϑ)
N
k=1
(18)
b = [b
where the vector ϑ
γ4 , γ
b6 ]T is an estimate of ϑ, and N
is the number of samples of Fb and x
b2 , which are obtained at
b is given by [22]
every sampling period Ts . Vector ϑ
"N
#−1 " N
#
X
X
T
b=
ϑ
ψ(k)ψ (k)
ψ(k)Fb(k)
(19)
k=1

k=1

provided that this inverse matrix exists, which is guaranteed
if the servomechanism input u is persistently exciting, i.e., it
has a rich spectrum. As a rule of thumb, r sinusoids with
different frequencies in the input signal u permits estimating
2r parameters [23]. Since, the continuous friction model
F (q̇, γ) in (2) has 6 parameters, the control input u should
have at least 3 different frequencies.
B. NLLS method
The parameters γ1 , . . . , γ6 of the nonlinearly parameterized
continuous friction model in (2) are identified through the
NLLS method by minimizing the following performance index:
N
1 X b
V2 (b
γ) =
[F (k) − (b
γ4 tanh (b
γ5 x
b2 (k)) + γ
b6 x
b2 (k)
N
k=1

+γ
b1 [tanh (b
γ2 x
b2 (k)) − tanh (b
γ3 x
b2 (k))])]2
b = [b
where γ
γ1 , γ
b2 , . . . , γ
b6 ]T is an estimate of γ.

(20)

b of the LS
Compared to the convex cost function V1 (ϑ)
b in (19), it is not possible to find
method that has the solution ϑ
b using the NLLS
an analytical solution to the vector estimate γ
method. Therefore, the NLLS method uses the trust-regionb . This
reflective iterative algorithm [24] to find the estimate γ
algorithm is based on the interior-reflective Newton method
and generates strictly feasible iterates by using an affine
scaling transformation and following piecewise linear paths,
called as reflection paths. However, the estimation accuracy
b (0), where the
of this parameter depends on its initial value γ
convergence to the global optimum that minimizes V2 in (20)
b (0) is close to this optimum
is assured if the initial guess γ
[22]. This can be guaranteed by choosing the parameters γ
bi (0),
b (0) based on the identification
i = 1, 2, . . . , 6 of the vector γ
scheme described in the next paragraph.
First, the estimates γ
b4 and γ
b6 , previously obtained using the
LS method, are used as the initial values γ
b4 (0) and γ
b6 (0) for
the NLLS. Now, by using the first and third parameter relations
in (10) we obtain γ
b1 = fˆs − γ
b4 , where it is recommended to
ˆ
select fs = κb
γ4 , with κ ∈ [1.2, 1.5]. Thus, the parameter γ
b1 is
initialized as γ
b1 (0) = [κ − 1]b
γ4 (0). In order to satisfy the first
and third inequalities in (9), larger initial values for γ
b2 and γ
b5
are needed. Initial values γ
b2 (0) and γ
b5 (0) between 100 and
300 are recommended. Finally, the initial value for γ
b3 can be
chosen such that it satisfies the second inequality in (9). An
initial value of γ
b3 (0) = γ
b2 (0)/3 is recommended.
V. R ESULTS AND D ISCUSSION
This section presents numerical simulations to validate
the identified friction model. All the simulation studies are
performed in the Matlab software with the Dormant-Prince
numerical integration solver at a sampling period of 1 ms.
First, we compare the continuous and discontinuous friction
models. For that, we choose the parameters of the model (2)
as γ = [10, 700, 50, 5, 700, 50]T , where the unit for γ1 and γ4
is N, for γ2 , γ3 , and γ5 is s/m, and for γ6 is Nm/s. Now,
using the parametric relations in (10) leads to the parameters
fs = 15 N, fc = 5 N, fv = 50 Nm/s, and vs = 0.02 m/s of
(1). The resulting friction curves of these models are shown
in Fig. 3, which corroborates that the continuous model in (2)
behaves similarly to the classical discontinuous model in (1).

[7, 277, 100, 5.92, 200.6, 150]T . The ILESO in (13) with the
gain θ = 1000 and the PD controller (16) with kp = 200
and kd = 120 are used here to obtain the signals Fb and x
b2 ,
as described in Fig. 2. To provide a rich spectrum for the
identification, we choose
xd (t) = 0.0015 [sin (πt) + 2 sin (1.4πt) + 3 sin (2πt)
+ sin (4πt) + sin (6πt)]

[m]

(21)

To show the robustness of the ILESO, a random measurement noise d is added to x1 . The resulting estimation of the
position, velocity, and friction from the ILESO is compared
with their actual values, see Fig. 4. The results show a good
estimation, especially for the position state.

(a) Position.

(b) Velocity.

(c) Friction.

Fig. 4: Estimations obtained using the ILESO.
Fig. 3: Comparison of the continuous and discontinuous friction curves.
Now, let us consider the servo system (11) with
a = 0.14 kg−1 , b = 1.5 m/(s2 V), and the nominal friction coefficients of (2) are chosen to be γ =

The first step of the identification method produces the
estimates γ
b4 = 5.46 and γ
b6 = 164.27, which are used
to obtain the initial conditions for the second step of
our identification technique. By choosing the initial condib (0) = [2.73, 230, 76.67, 5.46, 230, 164.27]T ,
tion vector as γ
b =
the NLLS method produces the estimated vector γ

[6.40, 260.02, 95.39, 5.93, 200.28, 149.01]T of the following
offline model
FbNL =b
γ1 [tanh (b
γ2 x
b2 ) − tanh (b
γ3 x
b2 )]
+γ
b4 tanh (b
γ5 x
b2 ) + γ
b6 x
b2

(22)

e =
The resulting parameter estimation error vector is γ
b = [0.60, 16.98, 4.61, −0.01, 0.32, 0.99]T . It is possible
γ−γ
to appreciate that all the estimates are close to their nominal
values. Fig. 5(a) compares the friction force curves of the
actual friction force F and its estimate FbNL , which shows
that FbNL precisely approximates F .

which is based on the estimation error of friction force for M
training samples.
V3 (w, w0 ) =

M
i2
1 Xhb
F (k) − FbNN (k)
M

(25)

k=1

where Fb = −b
x3 /a is obtained from the ILESO. Moreover,
FbNN uses the velocity estimations from the ILESO.
The number of hidden neurons is set as l = 10 and the
neural network is trained at a learning rate of 0.05 using M =
2000 training samples. The resulting friction curve FbNN is
shown in Fig. 5(a). Fig. 5(b) shows the friction estimation
error produced by both the continuous and neural network
friction models. It indicates that the error produced by the
former is slightly smaller than that of the latter. However, the
accuracy of neural network-based model FbNN can be improved
by increasing its number of hidden neurons l.
Remark 1. Both the LM and trust region algorithms are
Newton methods and exhibit quadratic speed of convergence
near to the optimum. However, if the solution is far away
from the optimum, LM algorithms slow down their speed
dramatically. In contrast, the trust region methods overcome
this problem by increasing their step size, and they quickly
move to a neighborhood around the global optimum [26].

(a) Friction curves.

A. Validation of the identified friction model
To further investigate the effectiveness of the identified
offline friction models, they are employed to compensate the
friction by incorporating it to the PD controller (16). The
resulting control law is given by
(b) Estimation error.

u = ẍd + kd (ẋd − x
b2 ) + kp (xd − x
b1 ) + aFbN

Fig. 5: Comparison of the estimated friction models.

where FbN uses either the FbNL in (22) or the FbNN in (23).
Same control gains are used in the controller (26), i.e., kp =
200 and kd = 120, whereas a smaller observer gain θ = 200
is employed to reduce the noise sensitivity of the controller.
The resulting position tracking performance is shown in Fig.
6(a). The position tracking errors 1 = (x1 − xd ) produced
by the controller (26) based on FbNL and FbNN are compared
in Fig. 6(b), and their root mean square error (RMSE) values
are 6.73 × 10−4 and 6.92 × 10−4 , respectively. In the absence
of the friction compensation term, i.e., applying the controller
(16), the RMSE value of 1 is 11.95 × 10−4 . These results
indicate that the controller based on the continuous friction
model produces a small tracking error, hence validating its
accuracy.

Finally, the identified continuous friction model is compared
with a neural network-based non-parametric identification
technique [25]. For that, a feed-forward neural network with
one hidden layer is used to estimate the continuous-friction
model. For a given input x
b2 , the corresponding network output
is
FbNN = wT φ(b
x2 ) + w0
(23)
where FbNN is the friction force estimated by the neural network, w = [w1 , w2 , ..., wl ] ∈ Rl and φ = [φ1 , φ2 , ..., φl ] ∈ Rl
are the weights and activation function vectors, respectively,
with l as the number of hidden neurons, and w0 is the bias.
Since the friction model (2) consists of hyperbolic tangent
functions, the activation of the neurons is modeled with this
kind of function, which has the following expression:
φ(b
x2 ) =

2
− 1 = tanh(b
x2 )
1 + exp−2bx2

(24)

The Levenberg-Marquardt (LM) algorithm is used to train
the network. It updates the network parameters w and w0 in
an iterative manner to minimize the following cost function,

(26)

VI. C ONCLUSION
In this paper, the offline identification method in [21] is
applied for estimating the parameters of a continuous friction
model. The identification method uses the velocity and friction estimations from the ILESO. This identified continuous
friction model was compared with the classical discontinuous
friction model and with a feed-forward neural network friction
model. Moreover, the continuous friction model and the one

(a) Position.

(b) Position error.

Fig. 6: Comparison of the position tracking performance.

based on the neural network are incorporated in a PD controller with friction compensation. The results indicated that
the continuous model produces a smaller tracking error than
the model estimated with the neural network.
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