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Abstract—A modeling methodology for memristive devices that
spans over two levels of abstraction is presented. The first level of
the methodology focuses on modeling the formation/dissolution
process of the conductive filament inside a resistive switching
device; which starts from a set of coupled partial differential
equations, namely, Poisson, continuity and heat equations, that
describes the internal physical process. The second abstraction
level consists in formulating a compact memristive model of the
device by linking the electrical results obtained from previous
level in order to obtain the constitutive relationship of the
device. The most commonly used electric characteristics are
obtained from both abstraction levels as well as the due numeric
comparison between both results.

Index Terms—memristor, resistive switching, RRAM, compact
modeling

I. INTRODUCTION

As the transistor shrinking tendency established by Moore’s
Law is reaching fundamental physical limits, new approaches
and concepts in the development of integrated circuits are
becoming more important [1] [2]. For instance, to overcome
the limitations in the performance of DRAM cell due to
scaling, new memory devices have been proposed, within the
context of Beyond Moore-kind devices [3]. Some of these
alternatives are magnetic memories (MRAM), phase–change
memories (PCRAM) and resistive memories (RRAM), being
RRAM evaluated as an adequate option due to their low power
consumption, data retention, and high–density of integration
[4] [5] [6].

In the modeling of RRAM devices usually three levels
of abstraction are distinguished [7] [8], namely, ab–initio
simulations, physics–based simulations and compact models,
each one with its own characteristics and properties in terms of
scale, computational cost and information obtained from the
model. Physic–based simulations, e.g. Finite Element (FE)–
based models, are a good option to simulate the internal
processes of the physical mechanism, gaining insight on its
physical behavior, and at the same time, being capable to
obtain its electrical characteristics; nevertheless, these types
of models are difficult to implement and computationally
inefficient to use in an electrical simulation.

It clearly results that a gap between the physical description
and the electric description of the device does exist. In order

to overcome this, this work introduces a two-level modeling
methodology for memristive devices. In a first stage, the
methodology describes the device as a physics–based model,
which is solved using FE methods. In a second stage, a com-
pact model is developed, which is more suitable to perform
electrical simulations.

The manuscript is organized as follows: Section II outlines
the description of the Finite Element model. Section III ex-
plains how the compact model is obtained, and also shows its
circuit–level implementation. Section IV compares the results
obtained from both models. Finally, some conclusions are
drawn.

II. FINITE–ELEMENT MODELING

At this level of modeling, the starting point is the description
of the physical structure of the RRAM device, which includes
dimensions of the different parts and regions, as well as
the characteristics of the materials the device is made of. A
typical Metal–Insulator–Metal (MIM) structure is shown in
1, where the insulator is a metallic or high–k oxide with
resistive switching (RS) properties, which allows the device
to commute cyclically between two resistive states: Low–
resistance State (LRS) and High–resistance State (HRS) [9].

Is the RS phenomena which allows to use RRAM devices as
non–volatile memories, since besides to associate the resistive
states, high and low, to logic values, 1 and 0, also it is possible
to keep these without an external voltage [10].
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Fig. 1: Metal–Insulator–Metal device structure.
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The physical mechanism of a oxide–based resistive switch-
ing device can be described by a system of coupled partial
differential equations that model the formation/dissolution
process of an ion conductive filament located in the center
of the device structure [11] [12]. From the theoretical point
of view, the SET transition is attributed to the drift/diffusion
contribution of the current density [13], while the RESET
transition is attributed to the Joule heating [11]. Equations
(1) to (3) describe such mechanism, where ψ represents the
electric potential, T the temperature and nD the charge carrier
density; also, J is the current density, σ and kth are electrical
and thermal conductances, respectively.

−∇ · kth∇T = σ|∇ψ|2 (1)
∇ · σ∇ψ = 0 (2)

∂nD
∂t

= −∇ · J +Grate (3)

In this model, the term Grate represents a charge carrier
generation/recombination factor, that is assumed to be linearly
dependent on the potential and charge carrier density and is
expressed as:

Grate = −K · nD · ψ (4)

where K[ 1
V ·s ] is a parameter that directly controls the magni-

tude of Grate.
The coupled system is solved by the Finite Element Method

(FEM) using COMSOL, and the electric potential, temperature
and charge carriers density inside the device is obtained, as
shown in Fig. 2. Additionally, the FEM software takes into
account the geometry (length, transversal area) and properties
of the materials described in the simulation to provide the
electrical variables of the device, namely, current, voltage and
resistance, as shown in Fig. 3.

The cyclical formation/dissolution process of the conductive
filament causes the memristive nonlinear behavior of the
device, confirmed by the parametric curves R(t)–V (t), R(t)–
I(t), and specially by the pinched hysteresis loop (PHL) I(t)–
V (t), given in Fig. 4, which is a fingerprint of the memristive
behavior [14] [15].

III. COMPACT MODELING

In this section, a q–φ memristive modeling approach is
proposed in order to emulate the electrical behavior of the
FEM–simulated device. The definition of a memristive system
is given by Chua and Kang [16] as

dx

dt
= f(x, u, t) (5)

y = g(x, u, t) · u (6)

where u, y and x are the input, the output and the state of the
system respectively. Hence, for the modeled device the port
equation can be established as

vmem = R(x) · imem (7)

where imem and vmem are the current (input) and voltage
(output) of the device (system), respectively; and R(x) is the
state–dependent resistance of the device.

Hence, we need to determine the state variable of the mem-
ristive system. From a circuit theory point of view, a memristor
is a 2–terminal device characterized by a constitutive relation
between its intrinsic variables, q and φ, which are defined
as the time integral of current and voltage of the device
respectively [17]:

φ(t)
∆
=

∫ t

−∞
v(τ)dτ (8)

q(t)
∆
=

∫ t

−∞
i(τ)dτ (9)

Fig. 5a shows the q-φ curves corresponding to the FEM–
simulated RS device, for K = 10 and K = 20. In order to
develop the memristive characteristics of the device it becomes
necessary to find an explicit function for the q-φ curve. This
has been carried out by performing a curve fitting of the q-
φ plot from COMSOL (Figs. 5b and 5c) to an exponential
expression given as:

q̂(φ) = q0 +A · eR0φ (10)

Table I shows the values of the fitting parameters for both
case studies; explicitly, the analytic expressions are given as:

q̂(φ)K=10 = (26.67E−3) · (1− e−4.86 φ) (11)
q̂(φ)K=20 = (13.28E−3) · (1− e−9.78 φ) (12)

which are the corresponding branch relationships of the mem-
ristive device for the cases K = 10 and K = 20, respectively.

Based on the above, it is possible to derive an expression
for conductance of the device as [18]

G(φ) =
dq̂(φ)

dφ
= A ·R0 · eR0φ (13)

which can be also expressed as

M(φ) =
1

G(φ)
=

1

A ·R0 · eR0φ
(14)

which is, indeed, the device resistance.
Additionally, an explicit function for state–dependent resis-

tance, R(x) is given in order to describe the transition between
the resistance states Ron and Roff. In this work a modification
of the well–known Strukov’s relationship [19] is proposed as

R(x) = Ron ·
(

1− x

β

)
−Roff ·

(
x

β

)
(15)

TABLE I: Extracted parameters from q–φ curve fitting.

Parameters K = 10 K = 20

q0 [C] 0.02667 0.01328
A [C] -0.02667 -0.01328
R0 [ 1

V ·s ] -4.86855 -9.78385



(a) (b) (c)

Fig. 2: Finite–element solution of physical variables. Every colored curve is a solution (in a given time) for the coupled
physical system. The plots shown in the figure are: a) Electric potential, b) Temperature, c) Carrier Density.

(a) (b) (c)

Fig. 3: Electrical curves obtained from FEM simulation: a) voltage, b) current, c) resistance, for K = 10 and K = 20.

(a) (b) (c)

Fig. 4: The FEM simulated memristive curves: a) R–V , b) R–I , c) I–V , for K = 10 and K = 20.

By equating (15) and (14), and after solving for x(φ), a
state function is obtained as

x(φ) =

[
Ron A R0 e

R0φ − 1

A R0 eR0φ

][
β

Ron +Roff

]
(16)

And finally, the state equation of the system is established
as

dx(φ(t))

dt
=
dx(φ)

dφ
· dφ
dt

(17)

dx

dt
=

β eR0φ

A(Ron +Roff)
· vmem (18)

The values for the parameters A and R0 in (18) have already
been given in Table I, the remaining parameters are defined
as Ron = min(Rmem), Roff = max(Rmem), where Rmem
is the COMSOL numerical resistance in Fig. 3c, and β is a
fitting parameter that scales the value of the state variable. The
Table II provides the values of these parameters.
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Fig. 5: The q–φ curves a) from FEM simulations b) fitting K = 10, c) fitting K = 20.

TABLE II: Resistance parameters.

Parameters K = 10 K = 20

Ron 7.69 7.69
Roff 9.87 13.67
β 0.41 0.215

With all the above, the memristive system that describes the
behavior of the device is found as


dx

dt
=

β eR0φ

A(Ron +Roff)
· vmem (19)

vmem = R(x) · imem (20)

A. Circuit–level implementation

In order to make the model suitable for circuit–level electri-
cal simulation, it has to be implemented in a high-level format.
The model is recast in a macro-model as a circuit equivalent
that embeds equations (19) and (20) into a SPICE .SUBCKT
macromodel [20] [21] [22].

On one hand, the substitution of (15) in port equation (20)
results in

vmem = Ron · imem −
(
Ron +Roff

β

)
· x · imem (21)

which has a circuit equivalent given by a series connection
of a voltage-controlled voltage source and a linear resistor. On
the other hand, state equation can be modeled as a behavioral
current source with a shunt capacitor in order to solve for
x(φ) in the connection node; at the same time, the memristive
variable, φ, is computed in the same manner. The complete
electrical model is shown in Fig. 6. The elements of this
equivalent model are:

+

−
Emem

Ron

+

-

Vmem

Gstate Cstate

Gflux Cflux

x(flux)

fluxImem

Fig. 6: The macromodel used in simulations

Emem = −
Ron +Roff

β
· x · imem

Gstate =
eR0 φ

A

Cstate =
Ron +Roff

β

Gflux = vmem

Cflux = 1

Electrical simulations are performed using the macromodel
in Fig. 6 in a test circuit in series connection to a resistor
Rs = 100 Ω, applying a sinusoidal input Vs = Am · sin(ωt).

IV. COMPARISON OF RESULTS

In this section a comparison between the curves obtained
from the FEM solution and the curves obtained from the circuit
simulation of the compact model is presented. Fig. 7 shows
the comparison between the electrical curves: voltage, current
and resistance of the device; while Fig. 8 shows a comparison
between the simulated memristive curves. It is notorious that
both sets of simulated results show great concordance.
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Fig. 7: Comparison of FEM and compact model simulated electrical variables: a) voltage, b) current, c) resistance. For
K = 10 and K = 20

(a) (b) (c)

Fig. 8: Comparison of FEM and compact model simulated memristive curves: a) R–V , b) R–I , c) I–V . For K = 10 and
K = 20.

In order to measure the similarity between FEM model
and compact model results, Mean Absolute Percentage Error
(MAPE) is calculated [23]. The MAPE is given as a statistical
measurement of the overall error percentage between the two
curves, and is computed as

%MAPE =
1

n

n∑
i=1

∣∣∣∣Edata[i]−Mdata[i]

Edata[i]

∣∣∣∣× 100 (22)

where Edata corresponds to the FEM model results nu-
merical data, and Mdata corresponds to the compact model
results. Fig. 9 shows a comparison between the resistance
obtained from both models; the maximum value of the error
measured between these curves is %ErrorK=10 = 0.51% and
%ErrorK=20 = 1.88%, which is considered very low.

V. CONCLUSIONS

A two–level modeling methodology for memristive devices
has been presented in this work. The first level of modeling
corresponds to a physics–based model that describes the in-
ternal formation/dissolution process of the resistive switching
device. The second level of modeling consist in a compact
model that emulates the memristive characteristics of the
device. Two case studies were analyzed for the values K = 10
and K = 20 of the generation/recombination rate factor. A
first model is obtained by solving a coupled system of partial
differential equations by using the Finite Element Method. As
a result, the behavior of the electric potential, charge carriers
density and temperature are obtained. Moreover, the compact
model associated to the memristive system is obtained by
determining the constitutive q–φ memristive relation of the
device. This model is coded as a SPICE macromodel that
is suitable for electric simulation. The comparison of both
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Fig. 9: Comparison of FEM and compact model resistances
for a) K = 10 b) K = 20.

models, i.e. the electrical curves from FEM simulations and
from the electric simulations, shows a good agreement when
computing the mean absolute percentage error, which is a
measure of the overall similarity. On the basis of these results,
a behavioral compact model methodology capable to emulate
the electrical results of its physical Finite Element counterpart
has been developed; providing a more suitable and efficient
representation of the device to be used in circuit simulation
frameworks. The presented modeling methodology bridges
the gap between the physical description and the electric
description of the device, fact that can be useful for device
and circuit designers.

ACKNOWLEDGMENT

To the National Council of Science and Technology
(CONACyT) for its financial support throughout the
postgraduate program with scholarship number 486756.

REFERENCES

[1] S. E. Thompson and S. Parthasarathy, “Moore’s law: the future of si
microelectronics,” Materials today, vol. 9, no. 6, pp. 20–25, 2006.

[2] R. R. Schaller, “Moore’s law: past, present and future,” IEEE spectrum,
vol. 34, no. 6, pp. 52–59, 1997.

[3] H. Wong, Nano-CMOS gate dielectric engineering. Crc Press, 2011.
[4] H. Lee, P. Chen, T. Wu, Y. Chen, C. Wang, P. Tzeng, C. Lin, F. Chen,

C. Lien, and M.-J. Tsai, “Low power and high speed bipolar switching
with a thin reactive ti buffer layer in robust hfo2 based rram,” in 2008
IEEE International Electron Devices Meeting, pp. 1–4, IEEE, 2008.

[5] S. Agarwal, O. D. Parekh, T.-T. Quach, C. D. James, J. B. Aimone, and
M. Marinella, “The energy scaling advantages of rram crossbars,” in
2015 Fourth Berkeley Symposium on Energy Efficient Electronic Systems
(E3S), pp. 1–3, IEEE, 2015.

[6] Y. Wu, B. Lee, and H.-S. P. Wong, “Ultra-low power al 2 o 3-based rram
with 1µa reset current,” in Proceedings of 2010 International Symposium
on VLSI Technology, System and Application, pp. 136–137, IEEE, 2010.

[7] D. Ielmini and V. Milo, “Physics-based modeling approaches of resistive
switching devices for memory and in-memory computing applications,”
Journal of Computational Electronics, vol. 16, no. 4, pp. 1121–1143,
2017.

[8] M. Lanza, H.-S. P. Wong, E. Pop, D. Ielmini, D. Strukov, B. C. Regan,
L. Larcher, M. A. Villena, J. J. Yang, L. Goux, et al., “Recommended
methods to study resistive switching devices,” Advanced Electronic
Materials, vol. 5, no. 1, p. 1800143, 2019.

[9] H.-S. P. Wong, H.-Y. Lee, S. Yu, Y.-S. Chen, Y. Wu, P.-S. Chen, B. Lee,
F. T. Chen, and M.-J. Tsai, “Metal–oxide rram,” Proceedings of the
IEEE, vol. 100, no. 6, pp. 1951–1970, 2012.

[10] L. Zhu, J. Zhou, Z. Guo, and Z. Sun, “An overview of materials issues in
resistive random access memory,” Journal of Materiomics, vol. 1, no. 4,
pp. 285–295, 2015.

[11] S. Larentis, F. Nardi, S. Balatti, D. C. Gilmer, and D. Ielmini, “Resistive
Switching by Voltage-Driven Ion Migration in Bipolar RRAM—Part
II: Modeling,” IEEE Transactions on Electron Devices, vol. 59, no. 9,
pp. 2468–2475, 2012.

[12] D. Niraula and V. Karpov, “Comprehensive numerical modeling of
filamentary rram devices including voltage ramp-rate and cycle-to-cycle
variations,” Journal of Applied Physics, vol. 124, no. 17, p. 174502,
2018.

[13] F. Nardi, S. Larentis, S. Balatti, D. C. Gilmer, and D. Ielmini, “Resistive
switching by voltage-driven ion migration in bipolar RRAM-Part I:
Experimental Study,” IEEE Transactions on Electron Devices, vol. 59,
no. 9, pp. 2468–2475, 2012.

[14] S. P. Adhikari, M. P. Sah, H. Kim, and L. O. Chua, “Three fingerprints
of memristor,” IEEE Transactions on Circuits and Systems I: Regular
Papers, vol. 60, no. 11, pp. 3008–3021, 2013.

[15] D. Biolek, Z. Biolek, V. Biolková, and Z. Kolka, “Some fingerprints of
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