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Abstract—In this work, the problem of stabilizing, about of
a (possibly open-loop unstable) steady-state profile and through
feedback control, a class of semilinear parabolic partial differential equations with collocated sensor and actuator setup is
addressed. First, a state-feedback controller is build through
an extension to the infinite-dimensional case of the notion of
passivity for finite-dimensional systems. The stability analysis of
the zero dynamics is carried out using by Lyapunov and modal
techniques. Then the output-feedback version of the controller
is constructed by combining the state-feedback controller with a
pointwise measurement injection observer. The performance of
the approach is illustrated with numerical simulations.
Index Terms—1D parabolic PDE, passive control, sensor placement, actuator location, unstable systems.

I. I NTRODUCTION
The passivity property for finite-dimensional systems has
been used as a design tool for the synthesis of nonlinear
feedback controllers with successful applications in control
of electrical and mechanical systems [1], [2] which by nature
satisfy energy dissipation properties. For control of chemical
processes, feedback passivity has been used in several applications, see, e.g., [3], [4], since by its structure many process
system models satisfy the required conditions on relative
degree and minimum phase properties. Following the rationale
of energy-based passivity control, in chemical processes the
use of thermodynamics and the framework of port Hamiltonian
systems has been used [5], [6]. Extensions of (feedback)
passivity for infinite-dimensional systems have been addressed
following the so-called early- and late-lumping approaches.
In the early-lumping approach the partial differential equation (PDE) model is approximated as a finite-dimensional
system, for which the existing results on passivity-based
control can be used. For instance, in [7], [8] the finitedifference method is used to approximate the dynamics of a
class of tubular reactors and to design passive controllers. In
[9], the Galerkin method in conjunction with approximated
inertial manifold technique has been used to approximate the
dynamics of diffusion-convection-reaction processes modeled
by parabolic PDEs, and to design geometric controllers.
The treatment of the passive control design problem within
the late-lumping framework requires the extension to the
infinite-dimensional case of the finite-dimensional design approach. In the control of PDE models, the use of differ-
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ent sensor and actuator setups, such as pointwise in-domain
or boundary, regional and homogeneous structures is quite
common. Then, since (feedback) passivity is an input-output
property it cannot be established in a general form. Under this
context, some extensions of passivity based control have been
introduced for specific classes of PDE systems. For instance,
passivity for parabolic linear PDE models with collocated
setups is presented in [10] using transfer functions, and for
semilinear parabolic systems in [11] using Lyapunov theory.
In [9] geometric control is used for the stabilization of linear
and semilinear hyperbolic PDE models and the notions of
relative degree and zero dynamics are extended to the infinite
dimensional case. More on the minimum phase concept is
presented in [12] and references therein. In the framework of
thermodynamics, passivity and feedback passivity for semilinear PDEs are discussed in [13], [14]. Port Hamiltonian systems
are handled in [15] and references therein.
In this work, a extension of feedback passivity to the
infinite-dimensional case for a class of semilinear parabolic
models with unstable steady-states and collocated sensoractuator setup is addressed. First, a passive controller is
proposed and the closed-loop stabilization of the origin is
drawn through the stability of the origin of the zero dynamics which is characterized as a Lur’e type system, i.e., the
interconnection of a linear dynamic system and a static nonlinearity, in terms of sensor and actuator characteristics. For
implementation purposes, the combination with a pointwise
measurement injection observer is considered.
In [16] a similar approach is used. Dissipativity concepts, -a
generalization of passivity-, are used to stabilize the origin of
an unstable semilinear heat equation where the nonlinearity is
output dependent, with collocated sensor-actuator setup and
linear proportional output-feedback control. The system is
analyzed as a Lur’e interconnection. The difference with the
present work is that feedback passivity is used to design a
state-feedback controller that produce less control effort at the
cost of adding an observer for its implementation.
The paper is organized as follows. In Section II the control
problem is introduced. In Section III and IV contains the
main results, including the state and output-feedback control
designs. Simulation results are presented in Section V and final
conclusions are given in Section VI.

II. P ROBLEM FORMULATION

A. Controller construction

In the following consider the 1-D abstract PDE model with
collocated sensor and actuator configuration
∂t x = Ax + ϕ(x) + Bu,

x(0) = x0 ,

y = Cx,

(1a)
(1b)

where x(z, t) ∈ H = L2 (0, 1) ∩ C 1 (R+ ) is the state defined
in the Hilbert space H of real valued functions with second
derivative in L2 ([0, 1]) and continuous time derivative. The
standard inner product for Hilbert spaces
and the induced
p
norm, denoted as hv, wi and k · k = h·, ·i, respectively, are
considered. A : D(A) → H is a differential operator with
domain D(A), ϕ(x(z, t)) ∈ C 2 is a scalar nonlinear Lipschitzcontinuous function, u(t) is the control input, y(t) is the output
and the input C and output B operators are defined as follows
B = γ(z),

C(·) = hγ(z), (·)i .

(2a)

Consider the system output (1b), and take its time derivative
d
Cx = C∂t x = C (Ax + ϕ(x)) + CBu.
dt
By the definition of γ in (2b), it follows that
Z 1
Z ζ+
1
1
2
CB = hγ, γi =
γ dz = 2
dz = .
4 ζ−
2
0
ẏ =

Accordingly, the characteristic index (equivalent to relative
degree in finite-dimensional systems) from y to u is equal
to one [9]. Since CB 6= 0, since the following state-feedback
controller always exists
u = α (v − C (Ax + ϕ(x))) ,

For the purpose at hand and motivated by practical situations, in particular from chemical engineering (e.g. [17]),
were A stands for a stabilizing transport operator, and the
nonlinearity ϕ constitutes a bounded potentially destabilizing
term, the following assumptions are in order:
(A1) The operator A ∈ D(A) is self-adjoint and a Riesz
spectral operator with real eigenvalues λn , n ∈ N fulfilling
0 > λ1 ≥ λ2 ≥ . . . for which the algebraic and geometric
multiplicities are identical, and whose eigenfunctions φn ,
given by the solutions of
Aφn (z) − λn φn (z) = 0,

n ∈ N,

(3)

form an orthogonal basis, i.e., hφn , φk i = δn,k , where δn,k
denotes the Kronecker delta.
(A2) The nonlinear term ϕ belongs to the sector [−κ, κ] and
satisfies kϕ(x)k ≤ κkxk ∀x ∈ H and ϕ(0) = 0.
With the above assumptions the existence of a local unique
strong solution of (1) is ensured for each x0 ∈ H 1 ([0, 1]),
where H 1 ([0, 1]) is the Sobolev space of function with first
derivative [18].
The problem considered here consists in the selection of ζ
and  together with the design of an output feedback controller
that ensures uniqueness and closed-loop exponential stability
of the origin in the L2 -norm.

−1

α = (CB)

,

(5)

where the new input v imposes the output dynamics ẏ =
v, y(0) = y0 . In particular the choice v = −ky ensures
the exponentially stable output dynamics
ẏ = −ky,

Herein, γ(z) is the sensor-actuator shape function with location ζ and length 2, defined as
(
1
z ∈ [ζ − , ζ + ]
.
(2b)
γ(z) = 2
0 else

(4)

y(0) = y0 .

Remark 1: Considering S(x) = 21 y 2 ≥ 0 as storage function
it follows that dS(x)
= yv, showing the passivity introduced
dt
by the feedback controller (5). Since S(x) is only positive
semi-definite it can not be directly employed as a Lyapunov
function.
Remark 2: Considering (2), the controller (5) with v = −ky
can be implemented as
Z ζ+
u = −2ky −
(Ax + ϕ(x)) dz,
(6)
ζ−

which requires derivation and integration over the actuatorsensor domain.
The corresponding closed-loop dynamics are given by
∂t xz = Ac x + ∆ϕ(x),

x(0) = x0 ,

y = Cx,

(7a)
(7b)

where
Ac x = Ax − αBCAx,

D(Ac ) = D(A),

∆ϕ(x) = ϕ(x) − αBCϕ(x).

(7c)
(7d)

Like in the passivity-based control for finite-dimensional systems, to establish the stability of the origin the zero dynamics
is considered next.
B. Zero dynamics
The zero dynamics associated with the output y is
∂t xz = Az xz + ∆ϕ(xz ),

xz (0) = xz0 ,

(8a)

where xz = {x ∈ H | Cx = 0}, and Az ∈ D(Az ) are the zero
dynamics state and operator, respectively, defined by
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Az xz = {Ac x | Cx = 0} , D(Az ) = {D(A) | Cx = 0} . (8b)

Subsequently, a similar property to feedback passivity for
nonlinear finite dimensional systems is explored for the semilinear PDE model (1) with the collocated setup (2).

The following result is a crucial back-bone for the assessment
of stability of the closed-loop system obtained from the
application of controller (5) to system (1).

Lemma 1: Let assumption (A2) hold. If the operator Az
defined in (8b) generates a C0 -semigroup of contractions with
growth bound νz < 0 satisfying
νz + 2κ = −υz < 0,

(9)

then the zero dynamics (8) has x = 0 as exponentially stable
solution in the L2 -norm, and is input-to-state stable [19].
Proof: By the definition of ∆ϕ it follows that

= kϕ(xz ) − 2γhγ, ϕ(xz )ik,

k∆ϕ(xz )k ≤ kϕ(xz )k + 2kγk2 kϕ(xz )k

= 1 + 2kγk2 kϕ(xz )k.
From the definition of γ in (2b) it follows that kγk2 = 1/(2)
so that assumption (A2) implies
(10)

Denote by Sz (t) the C0 -semigroup generated by the operator
Az . By assumption it holds that
(11)

Considering an additive bounded perturbation δ(t) ∈ R+
acting on the dynamics, the formal solution of (8) reads
Z t
xz (t) = Sz (t)x0 +
Sz (t) [∆ϕ(xz (τ )) + δ(τ )] dτ.

∂t x = Ac x + ∆ϕ(x) − kαBy,

x(0) = x0 ,

where the operator Ac is the extension of Az to D(A). As
this domain includes functions for which Cx 6= 0, write
x̃ = x − xz ∈ H.

kx̃(t)k ≤ M kx̃0 ke−kt .

Accordingly, taking norms on x(t), applying the triangle
inequality an recalling the input-to-state stability property (14)
of the zero dynamics considering in particular that δ(t) =
−kαBy it follows that
kx(t)k ≤ kxz (t)k + kx̃(t)k
= (kxz0 k + η|y0 |) e−υz t + (M kx̃0 k + η|y0 |) e−kt
√

where η = υz2k
+k . This implies that the state x(t) of the
closed-loop system (7) converges exponentially to zero in the
L2 -norm with rate νc = min{υz , k}. This is stated in the
following proposition.
Proposition 1: Let the assumption of Lemma 1 hold, and let
υz be the exponential convergence rate of the zero dynamics.
Then the nonlinear state-feedback controller (5) with gain k >
0 exponentially stabilizes the system (1) with convergence rate
υc = min{υz , k}.
D. Sensor and actuator shape function design

0

Taking norms on both sides, applying the triangle inequality
and recalling (10) and (11) yields
Z t
νz t
kxz k ≤ e kxz0 k +
eνz (t−τ ) (k∆ϕ(xz (τ ))k + |δ(τ )|) dτ.
0

(12)
Defining the right-hand side of the last inequality as ξz it holds
that ξz (0) = kxz0 k and kxz (t)k ≤ ξz (t) ∀t ≥ 0, as well as
ξ˙z (t) ≤ (νz + 2κ)ξz (t) + |δ(t)| = −υz ξz (t) + |δ(t)|. (13)
This implies that: (i) for δ = 0 the zero solution ξz = 0
is exponentially stable and as a consequence xz (t) converge
exponentially to zero in the L2 -norm and (ii) the system is
input-to-state stable, given that (12) together with (13) implies
kxz (t)k ≤ e−υz t kxz0 k +

y(0) = y0 ,

|y(t)| ≤ |y0 |e−kt ,

Application of the Cauchy-Schwarz inequality yields

νz = −υz − 2κ < 0.

ẏ = −ky,

It holds that kx̃k is finite and converges to zero exponentially
together with y, i.e. there exists an M ≥ 1 so that

≤ kϕ(xz )k + 2kγk |hγ, ϕ(xz )i|.

kSz (t)k ≤ eνz t ,

The closed-loop dynamics (7) can be written in terms of the
following cascaded interconnection

x(t) = xz (t) + x̃(t),

k∆ϕ(xz )k = kϕ(xz ) − αBCϕ(xz )k,

k∆ϕ(xz )k ≤ 2κkxz k.

C. Closed-loop stability

1
υz |δ(τ )|∞ ,

(14)

where | · |∞ denotes the supremum-norm.

Having established sufficient conditions for the exponential
and input-to-state stability of the zero solution x = 0 for the
zero dynamics (8), the next step addresses the stability of the
complete closed-loop system.

According to the above considerations, the key property for
the functioning of the proposed controller (5), is the exponential convergence to zero in the L2 -norm of the zero dynamics
state xz (t) (see (8)). This can be characterized in terms of the
sensor and actuator characteristics ζ and  and the properties of
the operator Az . The following proposition gives a condition
to
. TheP
following summation
notations are used:
Pselect
P ζ andP
P
P∞
∞
= n∈N , 2 = n=2 , and 20 = n=2,n6=i .
Proposition 2: Let φn , n ∈ N be the n-th eigenfunction of
the operator A with eigenvalue λn .PDenote by dn (ζ, ) =
Cφn = hγ, φn i and assume that
20 |dj | ≤ ∞. If the
following holds
λ1
d1

kγk2

λ
λ2 + d 1
1

d22

<1

d1 6= 0.

(15)

Then the operator Az generates a C0 -semigroup of contractions Sz with growth bound νz that can be estimated as
νz ≈ λ2 +

d2
d1 λ1 .

Proof: Consider the following Lyapunov functional
V (xz ) = 12 hxz , xz i > 0

(16)

and take its time derivative along the trajectories of the zero
dynamics (8a)
dV
= 21 h∂t xz , xz i + 12 hxz , ∂t xz i,
dt
= 12 hAz xz + ∆ϕ(xz ), xz i + 12 hxz , Az xz + ∆ϕ(xz )i.
Substitution of (7c-d) yields

= hAxz , xz i + h∆ϕ(xz ), xz i + αCAxz hB, xz i,
= hAxz , xz i + h∆ϕ(xz ), xz i,
where the facts that y = hC, xz i = hB, xz i = hxz , Bi, in view
of the collocated setup (2), and y = 0 in the zero dynamics
were used. By Assumption (A1), the state and the output can
be expanded as follows
P
P
x = an φn , y = an dn , an = hx, φn i, n ∈ N.
P
The action of the operator A on the state is Axz =
λn an φn .
It follows that
P
P
dV
= h λn an φn , an φn i + h∆ϕ(xz ), xz i
dt
P
= λn a2n + h∆ϕ(xz ), xz i
P
= λ1 a21 + 2 λn a2n + h∆ϕ(xz ), xz i.
In the zero dynamics, y = 0 and since by assumption d1 6= 0
the following holds
P
P
an dn = 0 ⇒ a1 = − d11 2 an dn .
Substituting the above in the time derivative of V (x) yields
λ1
dV
2
= 2 ( 2 an dn ) + 2 λn a2n + h∆ϕ(xz ), xz i,
dt
d1

P
λ1 P 2 2 P
= 2
2 an dn
2 an dn +
20 ai di +
d1
P
+ 2 λn a2n + h∆ϕ(xz ), xz i,

P 
P
P
d2
= 2 λn + dn2 λ1 a2n + λd21 2 an dn 20 ai di +
P

1

1

+ h∆ϕ(xz ), xz i,
writing the first term in quadratic form it follows that
dV
= aT Za + h∆ϕ(xz ), xz i,
dt

20

2

λ1 dn di
d21

2

 21
< ∞,

and the eigenvalues of the matrix Z can be estimated as
d2
λz,n − λn + dn2 λ1 ≤ r + ε, with ε < 0 a small constant.
1
For r it follows that


P

2
P P λ1 dn di 2
2
2
λ1 P
2
=
|d
|
r = 2
|d
|
0
0
2
2
n
i
2
2
2
d
d
1

dV
= hAxz , xz i + h∆ϕ(xz ), xz i−
dt
− α2 (hBCAxz , xz i − hxz , BCAxz i) ,

P

(15) is equivalent to r :=



P P

=

λ1
d21

=

λ1
d21

2P

2
2 |dn |

2

kγk2

1


kγk2 − |dn |2 ≤

2
2 |dn |

P

=

λ1
d21

2

λ1
d21

2P

2
2
2 |dn | kγk

kγk4 .

P
 1
Finally, r = λd21
|dn |2 kγk2 − |dn |2 2 < λd11 kγk2 ,
2
1
which implies that the symmetric matrix Z is strictly diagonal
dominant with negative entries in the diagonal and thus
Hurwitz and its eigenvalues λz,n , n = 2, . . . are bounded as


d2
λz,n − λn + dn2 λ1 ≤ λd11 kγk2 .
(17)
1

From Assumption (A1), the above implies that the distance
between the open-loop eigenvalues λn , n = 2, . . . and the
ones of the matrix Z is bounded by a fixed constant as well
as λz,2 ≥ λz,3 ≥ . . . , thus the estimate (16) is obtained. 
Remark 3: If Proposition 2 is satisfied, then by Lemma
1 (or Proposition 1) the origin of the zero (or closed-loop)
dynamics (8) (or (7)), is exponentially stable in the L2 -norm
with convergence rate
υz ≈ λ2 +

d2
d1 λ1

+ 2κ (or υc = min{υz , k}) .

IV. O UTPUT FEEDBACK CONTROLLER
The control law in (6) needs information of the state,
which is not available. Nevertheless, it can be implemented
as observer-based output-feedback controller. For this aim
the point-wise estimator presented in [17] is used, with an
additional point measurement y1 (t) at location ζ1 :
∂t x̂ = Ax̂ + ϕ(x̂) + Bu,

x̂(0) = x̂0 ,

x̂(ζ1 , t) = y1 (t) = x(ζ1 , t),
Z ζ+
u = −2ky −
(Ax̂ + ϕ(x̂)) dz.

(18a)
(18b)
(18c)

ζ−

with error dynamics
∂t e = Ae + ϑ(ẽ),

e(ζ1 , t) = 0,

e(0) = e0 ,

where a = [an ]Tn=2,... is an infinite dimensional vector and
Z = [zn,i ]n,i=2,... a symmetric infinite dimensional matrix
λ d2
with entries zn,n = λn + 1d2 n , n = i and zn,i = λ1 dd2n di , n 6=
1
1
i. From Assumption (A2) and given that an = hx, φn i, n =
2, . . . the following holds

where e is the estimation error, and ϑ(x̃) = ϕ(x+e)−ϕ(x) is
a Lipschitz-bounded function. The corresponding closed-loop
dynamics are given by

dV
≤ νz kx1 k2 + h2κkxz k, xz i ≤ (νz + 2κ)kxz k2 = −υz V,
dt
where νz = sup{λz,n ∈ σ(Z)}. From the application of the
generalization of the Gershgorin circle theorem for infinite
dimensional matrices (see Theorem 16(c) in [20]), condition

where θ(e) is a Lipschitz-bounded term which satisfies θ(0) =
0. Since (19) is a cascaded interconnection and the closed-loop
system inherits the zero dynamics input-to-state stability, the
exponential stability of (e, x) = 0 is concluded as long as the
conditions of Theorem 1 (or Theorem 2) hold true and the

∂t e = Ae + ϑ(e),

e(ζ1 , t) = 0,

∂t x = Ac x + ∆ϕ(x) − kαBy + θ(e),

e(0) = e0 ,

(19a)

x(0) = x0 , (19b)

observer exponentially converges. According to Proposition 1
in [17] e = 0 is exponentially stable in the L2 -norm if the
sensor location ζ1 is selected appropriately. This is ensured,
in particular, if ζ1 = ζ.

1
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Consider a semilinear heat equation with collocated setup
(2a), which in form (1) is given by
x(1 − x)
, k0 = 2,
Ax = D∂z2 x, D = 0.1, ϕ(x) = k0
1 + x2

D(A) = v ∈ H 2 (0, 1) | v(0) = 0, v(1) = 0 .

0
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The zero profile is open-loop unstable as shown in the simulation in Fig. 1 (left plot). The eigenvalues and eigenfunctions
of the operator A are given by
√
λn = −Dn2 π 2 , φn = 2 sin(nπz), n ∈ N.
The computation of dn yields
√ Z ζ+
√
2
2
dn =
sin(nπζ) sin(nπ).
sin(nπz)dz =
2 ζ−
nπ
After some simplifications and noting that d1 > 0∀ζ ∈ (0, 1),
condition (15) reads
π2 
<1
8 2 sin(πζ) sin(π) + sin2 (2πζ) sin2 (2π)
√

(20)

The above expression suggests to select ζ,  avoiding the zeros
of the two first eigenfunctions, then ζ,  ∈ R\Q and as a
consequence all the eigenvalues of the matrix Z are moved
to the left of the open-loop eigenvalues, according to (17).
Then, for a particular selection of , condition (20) can be
characterized graphically for ζ ∈ (0, 1) in order to choose the
correct sensor location such that (9) is fulfilled. Following this
procedure the particular next values are considered
1
3
1
≈ 0.11, ζ =
≈ .
3π
2π
2
For the above selection of , the plot of (20) is shown in Fig.
1 (bottom) which indicates that the sensor must be selected as
ζ ∈ (0.1, 0.9), as it was done. With this, the growth bound (16)
of the zero dynamics can be estimated as νz ≈ −8.16. The
sector condition of ϕ can be characterized with its Lipschitz
constant L, i.e., κ = L = maxz∈(0,1) |∂x ϕ(x)|, which yields
κ ≈ 3.5. Accordingly, the stability condition (9) is satisfied
and the zero dynamics converge with rate υz = −4.66, and
the closed-loop stability is ensured. As it can be seen in Fig.
1 (top right) the zero dynamics converge in about 1 time unit
(the best attainable behavior with the proposed controller (5)).
Note that the profile over the actuator domain is not kept at
zero but instead its integral vanishes.
In Fig. 2 the closed-loop behaviors with the state-feedback
controller (6) for k = 3 and k = 10 are shown. It can be
seen that with a low gain the profile is stabilized in about 2.5
time units with the corresponding output response and control
effort. On the other hand, when the gain is increased to k = 10
the profile convergence time is about 2 time units, with a faster
=

0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 1. Open-loop (top left) and zero dynamics (top right) behaviors and
sensor location criterion (20) (bottom).

output response and a more aggressive control effort. If the
gain is increased the convergence to the subdomain of the zerodynamics is accelerated, with the maximum convergence speed
to zero being always limited by the latter one. In Fig. 3 the
closed-loop behavior with the output-feedback controller (18)
is shown for k = 3. The state is exponentially stabilized and
converges to zero in about 2 times units. The observation error
converges in about 1 time unit. Due to the transient observation
error the control effort has also an initial transient.
For comparison purposes, in Fig. 4, the output responses,
the norms of the state profiles and the distributed control
actions are shown for the following cases: the zero dynamics,
state-feedback and output-feedback control, both with k = 3
and k = 10. As expected, the zero dynamics shows the best
attainable performance. On the other hand, when increasing
the controller gain, the convergence becomes faster but remains below the one of the zero dynamics and the control
effort increases. When output-feedback control is used some
degradation in performance is present.
All simulations were done using M ATLAB. The solution of
the PDE models are computed with finite-differences over a
mesh of 100 interior nodes. Integration over space (see (5))
is approximated using trapz and to solve the obtained set of
ordinary differential equations ode15s was used.
VI. C ONCLUSIONS
The output-feedback stabilization problem of an unstable
profile for a class of semilinear 1-D parabolic PDE models
with regional collocated sensor and actuator configuration has
been addressed. The feedback controller follows the passivitybased control design procedure using a passivation design
with additional linear proportional output feedback. Sufficient
conditions in terms of actuator and sensor shape functions
and support interval and controller gain are derived. The
passivity-based state-feedback controller is combined with a
point-wise measurement injection observer design leading to
an exponentially stabilizing output-feedback controller. The
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Fig. 2. Closed-loop behavior with state feedback. Top left: state profile for
k = 3. Top right: state profile for k = 10. Bottom left: output responses.
Bottom right: control efforts.
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Fig. 4. Comparisons of closed-loop behavior: Zero dynamics, state-feedback
with k = 3, state-feedback with k = 10, output-feedback with k = 3,
output-feedback with k = 10.
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Fig. 3. Closed-loop behavior with output-feedback, k = 3. Top left: state
profile. Top right: observation error. Bottom left: output response. Bottom
right: control effort.

performance of the approach is illustrated using numerical
simulations for an unstable semilinear heat equation.
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