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Abstract—The aim of this manuscript is to develop a robust
output-based controller for a robot manipulator (RM), under
the presence of state constraints. A novel methodology is
proposed to solve the tracking trajectory problem between
the joints position of a RM and desired reference trajectories,
using a barrier sliding mode (BSM) control. The controller
design guarantees the tracking trajectory and the fulfillment of
the state constraints considering the presence of perturbations.
In this study, it is considered that only the angular position
of each RM articulation is available. A decentralized adaptive
super-twisting algorithm estimates the angular velocity of the
corresponding RM. A class of barrier Lyapunov function
(BLF) is used to analyze the finite-time stability of the sliding
surface in a closed-loop with the proposed controller. An
example of a numerical evaluation considering a two-link
RM illustrates the advantages obtained with the proposed
methodology compared to the non-barrier control design.
Index Terms—Sliding Modes, Constrained Systems, Robot
Manipulator

I. I NTRODUCTION
Robot manipulators (RM) are electro-mechanical devices
used in research and industrial sectors [1]. Nowadays, there
are diverse mechanical designs, manufacturing materials
and configurations of RM that are designed taking into
account the complexity of the task to be realized. Also, the
environment where the robot has to exert their trajectories
plays an important role for the mechanical design, the
electronic instrumentation and the controller proposal [2].
Usually, the RM movements depend on a predefined set of
reference trajectories (closed-loop) [3]. In other cases, these
trajectories can be provided by a human operator (openloop) [4].
From the mechanical point of view, the RM is a classic
type of systems with position constraints, due to the diverse
mechanisms used to integrate their joints [5]. Then, it is
reasonable to assume that the desired trajectories must be
bounded, in order to avoid damage to the robotic device.
Notice that the mechanical limits are not the only reason
that induce a constraint for the RM. There exist many
examples corresponding to RM tasks, where the device must
exert the movements of each link with a constraint joint
space, that implies indirectly a class of constrained working
space. The surgical robots may be a clear example of such
working scenario [6], [7], under the assumption that each
joint of the surgical robot must avoid the collision with
surrounding anatomical structures. Figure 1, evidences the
possible conditions inducing a position constraints in the
RM.
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Fig. 1. Constraints example.

The RM operation realizing their movements in a constrained joint space has motivated the developing of new
control schemes, which can guarantee the tracking of a
reference trajectory and the simultaneous fulfillment of
predefined position constraints. From the automatic control
point of view, the trajectory tracking problem, can be solved
by diverse robust and adaptive control schemes. Being of
the most notable options, the linear feedback controllers,
linear quadratic regulators (LQR) [8], sliding mode controllers (SMC) [9] appeared as natural options to solve the
trajectory tracking problem in the presence of uncertainties,
measurement noises and some other challenging operative
scenarios. Nevertheless, these approaches may not satisfy
the state constraints all the time, at least theoretically.
Among all the aforementioned controllers, the continuous
forms only guarantee the convergence of the tracking error
to the origin (theoretically) if the system is known everywhere. However, due to the parametric uncertainties and the
non-modeled dynamics, the tracking error only converges to
an invariant zone close to the origin. Due to the simplicity
to implement in robotic systems and the high efficiency
showed to control systems with matching disturbances [10],
the sliding mode controller is one of the most developed
control technique with the aim of solving the tracking trajectory problem in RM. Nevertheless, the classic sliding mode
controllers do not include in its mathematical structure, the
technical elements to guarantee the fulfillment of the known
state constraints.
Recently, some control schemes such as adaptive sliding
modes [11], model predictive control [12], reference governors [13] and barrier Lyapunov functions (BLF) appeared as
potential approaches to solve the tracking trajectory problem for constraint dynamic systems. In literature, one may
find some studies that improve the sliding mode controller
performance using BLFs. However, they are not justifying

the finite-time convergence.
This study offers a first order barrier sliding mode (BSM)
control design which is proposed to solve the tracking
trajectory problem for a RM considering the full-state
constraints. The main contributions of this work are:
-The control scheme guarantees that the tracking error
between the joints position of a RM and a set of desired
reference trajectories converges in a predefined zone close
to the origin considering the presence of external disturbances.
-The characteristic overshoot effect of the first order
sliding mode can be constrained in a predefined set. Then,
the fulfillment of the joints position constraints is ensured
while the trajectory tracking is realized.
II. P ROBLEM
A. Preliminaries

STATEMENT

lim V (x) → +∞

(1)

and V (x) ≤ c, ∀t ≥ 0 for some c ∈ R+ and for any
x(0) ∈ Ψ.
If V̇ (x) < 0 and x(0) ∈ Ψ, it is clear that c = V (x(0)),
any future trajectory is bounded inside of Ψ.
The next lemmas are useful in the stability analysis
presented in this manuscript to obtain the time derivative
of the BLF.
Lemma 1: Let λ a positive constant. Then, the following
inequality holds:
λ
−log(1 − λ) <
, ∀|λ| ≤ 1
(2)
1−λ
Lemma 2: Let λ a positive constant, the following inequality holds:


−λ2
1
, ∀λ < 1
(3)
≤ −log
1 − λ2
1 − λ2
B. Plant description
Let consider the following Euler-Lagrange equation describing the motion of a RM system
M (q)q̈ + C(q, q̇)q̇ + P (q) + ξ(q, u) = u
n

n

ẋ1 = x2
(5)
ẋ2 = H(x) + G(x1 )u + Ξ(x, u)
⊤

is the vector of generalized coorwhere x = x⊤
x⊤
1
2
dinates for the manipulator, with x1 ∈ Rn and x2 ∈ Rn .
The terms associated with the Coriolis matrix C and the
gravitational vector torques P are gather in H : R2n → Rn
that is a quasi-Lipschitz function described as follows:
H(x) = M −1 (x1 )(−C(x)x2 − P (x1 ))

This subsection introduces some basic preliminaries regarding the concept and applications of the BLF.
Definition 1: (Barrier Lyapunov Function) [14] Let the
set Ψ ⊂ Rn be an open set with the boundary ∂Ψ and
V : Ψ → R+ be a continuous function in Rn .
V is a BLF if it is a positive definite, continuously
differentiable in Ψ,
x→∂Ψ

P1. There exist positive constants m+ and m− such that
m ≤ kM k ≤ m− .
P2. The matrix M − 2C are skew symmetric.
P3. There exists a positive constant C + such that kC q̇k ≤
+
C kq̇k2 .
Let define x1 = q and x2 = q̇. Using the state variables
theory, the equation (4) can be transformed to:
−

(4)

where q̇ ∈ R and q ∈ R describe the velocity and
the angular position of the RM, respectively. The matrix
M : Rn → Rn×n is the corresponding positive definite
inertia matrix. The matrix C : Rn × Rn → Rn×n
corresponds to the Coriolis matrix, P : Rn → Rn is
the vector of gravitational torques. The control input of
the manipulator is represented by u ∈ Rn . The nonlinear
function ξ : Rn × Rn → Rn represents the effect of internal
uncertainties, external perturbations like dry friction and so
on.
The inertia and Coriolis matrices are assumed to satisfy
the following properties [15]:

(6)

Considering that the matrix M and C fulfill the properties
P1 and P3. Then, the function H satisfies the following
assumption.
Assumption 1: The nonlinear function H is unknown but
satisfy the next inequality:
kH(x)k ≤ h0 + h1 kxk2
n

(7)

n

In equation (5), G : R → R is the state dependent
matrix defined as G = M −1 that characterizes the effect
of the input toque described by u. The nonlinear function
Ξ : Rn × Rn → Rn is defined as Ξ = M −1 ξ.
Throughout the paper, the following assumptions are
assumed to be fulfilled.
Assumption 2: The function G is known, invertible and
bounded according to:
g − ≤ kG(x1 )k ≤ g +

∀x1 ≥ 0

(8)

with g − ∈ R+ and g + ∈ R+ .
Assumption 3: The control input u belongs to the admissible set defined as:
Uadm , {u : |u| ≤ u1 kxk2 + u2 }

(9)

where u1 ∈ R+ and u2 ∈ R+ .
In Assumption 3, the control set Uadm includes discontinuous controllers or state feedback controllers. Moreover,
the control input u enforces that the equilibrium point of
the system (5) is stable (with bounded evolution) at least.
Notice that a RM is a clear example of the class of
systems with physical constraints. In consequence, it is
realistic to consider that all states of the system are bounded.
Then, the robotic system satisfies the next assumption:
Assumption 4: The states of the RM are bounded as
follows:
+
kx1 k2 ≤ x+
x+
1,
1 ∈R
(10)
+
+
kx2 k2 ≤ x+
,
x
∈
R
2
2
then, it is valid assuming that kxk2 ≤ x+ .
Assumption 5: The nonlinear function Ξ(x) is unknown
but satisfies:
kΞ(x)k ≤ Ξ0 + Ξ1 kxk2
(11)
with Ξ0 ∈ R+ and Ξ1 ∈ R+ .

III. P ROBLEM

STATEMENT

The issue tackle in this study is: to solve the trajectory
tracking between the states associated to the system
(5) and
⊤

a set of desired reference trajectories x∗ = x∗⊤
ẋ∗⊤
1
1
with x∗1 ∈ Rn , ẋ∗1 ∈ Rn subject to the state constraints
 ⊤

⊤ ⊤
given by Kb = Kb1
Kb2
with Kb1 ∈ R+ and Kb2 ∈
+
R that represents a desire constraints for the tracking error.
The RM is a typical system with mechanical constraints.
Therefore, it is reasonable assuming that their trajectories
are bounded. Based on the previous fact, the desired trajectories fulfill the following assumption.
Assumption 6: The reference trajectory x∗ and its derivative are know and satisfies:
kx∗1 k ≤ r1+ < x+
1 + Kb1
(12)
kẋ∗1 k ≤ r2+ < x+
2 + Kb2
where r1+ ∈ R+ and r2+ ∈ R+ represent the upper bound
for the desired reference trajectory and its derivative.
The Assumption 6 evidences that all the desired trajectories for the robotic system are bounded and never must
violate the constraint defined by x+
1 +Kb1 . The previous fact
matches with the mechanical nature of the robotic system
propose in this study.
Let us introduce the tracking error ∆ ∈ R2n defined as
follows:
∆ = x − x∗
(13)
Then, the problem statement could be rephrased as follows: to propose a feedback controller for the system (5) to
satisfy:
limt→∞ k∆k ≤ β

∀t ≥ 0,

β ∈ R+

(14)

subject to the following constraints:
k∆1 k ≤ Kb1 ,

k∆2 k ≤ Kb2
(15)

⊤
In equation (14), ∆ = ∆⊤
∆⊤
represents the
1
2
tracking trajectory error between the states of the RM
described by x and the desired reference trajectory x∗ . Each
component of the vector ∆ is defined as:
∆1 = x1 − x∗1 ,

∆2 = x2 − ẋ∗1

(16)

Remark 1: Notice that if the assumptions 4 and 6 (that
define the bounds for the states and the desired reference trajectories, respectively) are fulfilled, implies that the
quadratic norm of the tracking error ∆ must be bounded as
follows:
k∆k2 ≤ kKb k2 + x+
(17)
IV. C ONTROL

DESIGN

In this section, the controller design based on the sliding
mode theory is developed. The proposed controller solves
the tracking trajectory between the joints of the RM and
the desired reference trajectories subject to the full state
constraints.
Usually the proposed controllers for RMs assumed that
x1 and x2 can be measured on-line and simultaneously.
However, the regular electronic instrumentation in the RM
considers only position sensors, then only x1 is available.

The previous problem has been solve using the so-called
state observers. Actually, there exist in the literature many
options to solve the velocity estimation problem, being one
of the most remarkable the finite-time observers.
In particular, this manuscript proposes the use of a class
of super-twisting algorithm which possesses many relevant
properties that can be useful to solve the tracking trajectory
problem.
A. Adaptive sliding mode observer
A finite-time observer based on the sliding mode theory is
used to estimate the angular velocity of the robotic device.
Remark 2: Notice that the considered RM is a class
of forward-complete system, then the stability analysis is
carried out independently of the state observer.
In particular, this study considers an adaptive supertwisting algorithm [16] that satisfies the following equation.
x̂˙ 1 = −λ1 |∆o |0.5 sign(∆o )
x̂˙ 2 = −λ2 sign(∆o )

(18)

where x̂1 ∈ Rn describes the state estimation of x1
(position estimation) and x̂2 ∈ Rn provides the velocity
estimation. Here, λ1 and λ2 are the time-varying gains
of the adaptive super-twisting. According with Utkin and
Poznyak in [16], the adaptation law of these gains, satisfies
the following equation:
λ̇i = γi λi sign(∆o ) − Λ[λi − λ+
i ]+ + Λ[ν − λi ]+

(19)

where ∆o is defined as:
∆o = |[sign(x1 )]eq | − ζ,

ζ ∈ (0, 1)

(20)

Here, the function [sign(x1 )]eq is an averaged value of the
function sign(x1 ) that can be easily obtained by a low-pass
filter. For more details see ([10]).
In the adaptation law (19), the operator [µ]+ is described
as follows:

 1 if µ ≥ 0
[µ]+ =
(21)

0 if µ < 0

with the constants Λi > γi λ+
i and γi > 0, where the
subscript i = 1, 2. The upper value λ+
i for the gain λi
+
+
must satisfy λ+
>
̺
with
̺
a
positive
constant such that
i
(h0 + ξ0 ) + (h1 + Ξ1 kxk2 ) < ̺+ .
Notice that the gain λi can vary in the range [ν λ+
i ].
The term ν > 0 defines a pre-selected minimal value of λi .
B. System decomposition

Consider the system (5) that describes a fully actuated
RM with n degrees of freedom. The dynamic model of
RM can be represented as a set of second order systems,
then the system (5) satisfies the next representation:
ẋ1j = x2j
(22)
ẋ2j = Hj (x) + Gj (x1 )uj + Ξ̄j (x, u)
where x1j and x2j describe the j − th and (j + 1) − th
states of the robotic system, with j = 1, ..., n. In (22), the
functions Hj (·) and Gj (·) describe the dynamics of the
states x1j and x2j .

In equation (22), the function Ξ̄j represents the disturbance that affect the j − th subsystem of the RM. The case
study presented in this manuscript considers that each state
x2j is affected by all components of the vector input u. This
fact can be rewritten as follows:
n
X
Ξ̄j =
Gj,p (x1 )uj + Ξj (x)
(23)
p=1,p6=j

Notice that in equation (23), each product Gj,p (x1 )uj
can be handled using the following inequality:
|Gj,p (x1 )uj | ≤ |Gj,p ||uj |

(24)

Then, by the assumptions 2 and 3, it is clear that:
|Gj,p (x1 )uj | ≤ g + (u1 + u2 kxk2 )

(25)

Under the Assumption 5, the term Ξj is bounded as:
2

kΞj k ≤ Ξ0 + Ξ1 kxk

2

(26)

where Ξ0 = Ξ0 + g + u2 and Ξ1 = Ξ1 + g + u1 .
C. Barrier Sliding Mode Control
Consider the system decomposition proposed in section
IV A. The main goal of this section is to design a controller
for each one of the second order subsystems that describe
the MR.
By considering the subsystem (22), the corresponding
tracking error ∆j can be represented as
∆j = xj − x∗j

(27)

The full-time derivative of ∆j satisfies:
˙ 1,j = ∆2,j
∆
(28)
˙ 2,j = Hj (x) + Gj (x1 )uj + Ξj (x) − ẋ∗
∆
1,j
To solve the tracking trajectory problem of the RM, let
us introduce the sliding variable sj for each articulation
defined as:
sj = ρj ∆1,j + ∆2,j
(29)
where ρj is a positive constant. Notice that the constraints
proposed in equation (15) implies that the sliding variable
is bounded by a constant Ks,j , that satisfy:
Ks,j = ρj Kb1,j + Kb2,j

(30)

Consider the following control scheme:
uj = G−1
j (u1,j + u2,j )

(31)

with u1,j ∈ Rn and u2,j ∈ Rn satisfy the following
equations:
u1,j = −(h0 + h1 kxk2 + ρj ∆2,j − ẋ∗1,j )
(32)
u2,j = −kj sign(sj )
In equation (32) the control gain kj satisfy the next
structure:


0.50.5 sj
ǫj
Ξ0 + Ξ1 kxk2 +
kj =
(33)
2(1 − ζj )
ζj
sj
.
with the auxiliary variable ζj =
Ks,j

Theorem 1:
Let us consider the system defined in equation (22) in
closed-loop with the control uj described by (31) adjusted
with the control gain proposed in (33). If there exist some
constants ǫj ∈ R+ and Ks,j ∈ R+ such that |ζj | < 1,
then the sliding surface converges in finite-time to the
origin. Furthermore, the states of system (22) converges
asymptotically to the desired reference trajectory fulfilling
the full state constraints defined by Kb .
Proof 1: Let introduce the next candidate BLF:
!
1
1
Vj (sj ) = log
(34)
2
1 − ζj2
The full-time derivative of the BLF Vj is given by:
V̇j (sj ) =

ζj ζ˙j
(1 − ζj2 )

(35)

Substituting the full-time derivative of ζj in (35), one
gets:

ζj Hj + Gj uj + Ξj − ẋ∗1 + ρj ∆2,j
(36)
V̇j (sj ) =
Ks,j (1 − ζj2 )
with the application of the Assumption 1 for the function
Hj and by taking into account that Ξj is bounded as in
(26). Then, the left hand-side of equation (36) satisfies the
following inequality after substituting the control uj defined
in (31).


kj sj
ζj
2
(Ξ0 + Ξ1 kxk ) +
V̇j (sj ) ≤ −
Ks,j (1 − ζj2 )
|Kb,j ||ζj |
(37)
Considering that |ζj | < 1, the Lemma 1 can be applied,
then the inequality (37) can be expressed as follows (after
substituting the control gain kj ):
 0.5 
0.5
V̇j (sj ) ≤ −ρVj (sj )
(38)
ζj
 0.5 
0.5
satisfies the following
In view of the term −
ζj
inequality:
 0.5 
0.5
1
−
(39)
≤ − 
0.5
ζj
1
log
1 − ζ2
Then, the function V̇j (sj ) satisfies:


0.50.5
V̇j (sj ) ≤ −ρVj (sj )
Vj (sj )0.5

(40)

The previous result evidences the stability of the closedloop system (28) with the control (31).
V. N UMERICAL R ESULTS
The numerical evaluation of the proposed controller considered a two-link RM as testing system (Figure 1). The proposed model of the RM was designed using SolidWorksTM .
To implement the proposed controller, the RM model was
exported to the Simulink environment using the Simscape
Toolbox.

(a) Velocity estimation of the state x1,1
Fig. 2. Two-link manipulator

The dynamic model of this device satisfies the structure

⊤
presented in (4), where q ∈ R2 , is defined as q = α β ,
characterizes the generalized position of the robotic system.
The inertia matrix M is:


υ + υ2 + 2υ3 cos(β) υ2 + 2υ3 cos(β)
(41)
M (q) = 1
v2 + 2υ3 cos(β)
υ2
where υ1 = (m1 + m2 )l12 , υ2 = m2 l22 , υ3 = m2 l1 l2 .
The matrix C is:


−β̇ −α̇ − β̇
C(q, q̇) = υ3 cos(β)
(42)
α̇
0
The vector P is given by


υ4 cos(α) + υ5 cos(α + β)
P (q) =
υ5 cos(α + β)
with υ4 = (m1 + m2 )gl1 and υ5 = m2 gl1 .
The term ξ was selected as follows:

⊤
ξ(q, u) = 0.5 sin(30t) 0.8 sin(15t)

(43)

(b) Velocity estimation of the state x1,2
Fig. 3. Velocity estimation of the RM obtained with the adaptive super
-twisting


⊤
the sliding surface s is given by Ks = 0.875 0.405 ,

⊤

⊤
with ρ = 1.5 1.5 and ǫ = 13 6 .
Figure 4 compares the tracking trajectory obtained with
the proposed barrier sliding mode (BSM) controller and the
performance obtained with a classic first order sliding mode
controller (SMC). That is the control u2,j becomes into
u2,j = −Kj sign(sj ) where Kj ∈ R+ . Here, the gain for

⊤
the SMC is K = 5 3 .
Notice that in the case of the state x1,1 , the SMC cannot
perform the trajectory tracking.

(44)

The RM system considers the following parameters in
the simulation: m1 = 0.2kg, m2 = 0.6kg, l1 = 0.6m,
l2 = 0.3m, g = 9.8 sm2 . The simulation results considered

⊤
x∗1 = sin(0.9t) sin(t) as desired reference trajectories.
Here, it is assumed that the RM is fully actuated, then,
the dynamic model admits the representation as in (5) by
selecting x1 = q and x2 = q̇. Moreover the RM model
satisfies the system decomposition proposed in section IV.
Therefore, the control strategy proposed here can be used.
In order to apply the suggested controller, it is necessary
to obtain the velocity estimation of the joints included
in the RM structure. Then, the adaptive super-twisting
algorithm was implemented in the Simulink environment.
Notice that the application of the adaptive super-twisting
requires the representation of the system (5) as a distributed
representation of n second-order subsystems like the system
decomposition proposed in (22) (For more details see [17]).
Figure 3a compares the state x1 and its estimation
obtained with the adaptive super-twisting. It is important
to mention, that the Simscape Toolbox, provides a virtual
sensor to measure the state x2 online. Then, the sensor
measurements of x2 are compared whit the corresponding
estimation obtained using the adaptive super-twisting algorithm in Figure 3b.
The constraint
for each tracking error
is selected

⊤ as

⊤
and Kb2 = 0.5 0.18 , this
Kb1 = 0.25 0.15
implies that Ks,j = ρj Kb1,j + Kb2,j . The constraint for

(a) Tracking trajectory performance for the state x1,1

(b) Tracking trajectory performance for the state x1,2
Fig. 4. Comparison between the BSM and SMC for the tracking trajectory.

Figure 5, evidences the fulfillment of the constraints for
the sliding surfaces. Moreover, the finite-time convergence
has been evidenced.
For the simulation case, it was possible to select the
constraints for the tracking error, because the movement
constraints are known and the upper bound for the joints
velocity is also known. Therefore, the estimated constraints
for each state are given by |x1,j | < |x∗1,j | + |Kb1,i |
and |x2,j | < |ẋ∗1,j | + |Kb2,i |. Under the given technical
results, the proposed control guarantees the state constraints

(a) Sliding surface s1

(a) Tracking error ∆2,1

(b) Sliding surface s2

(b) Tracking error ∆2,2

Fig. 5. Sliding surface performances using SMC and BSM.

Fig. 7. Tracking error ∆2 performances with the SMC and BSM.

but also, the satisfaction of the state constraints for the
sliding surface and the tracking error. The fulfillment of
this conditions is evidenced in Figures 6 and 7.
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(a) Tracking error ∆1,1
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VI. C ONCLUSIONS
In this paper, a novel design of output feedback controller based in the sliding-mode theory is introduced. This
control scheme includes the state constraints in the control
structure. The effectiveness of the control introduced in
this paper to solve the trajectory tracking problem for a
class of RM with full state constraints was demonstrated.
Moreover the finite-time convergence of the sliding surface
to the origin is proven. The application of the sliding mode
control over a barrier Lyapunov stability analysis and the
justification of the finite-time convergence offers a starting
point for developing new discontinuous controllers for state
constraint systems.
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