2019 16th International Conference on Electrical Engineering, Computing Science and Automatic Control (CCE)
Mexico City, Mexico. September 11-13, 2019

Relationship between a Damped Discrete Hill’s Equation and an
associated Undamped Discrete Hill’s Equation
L. Venegas

J. Collado

lvenegas@ctrl.cinvestav.mx

jcollado@ctrl.cinvestav.mx

Abstract— In the present work, a relation existing between
the escape to infinity curves of an undamped discrete Hill’s
equation and the transition borders of another corresponding
damped discrete Hill’s equation is detailed. Such correlation is
proven, both analytically and numerically, giving the capability
to obtain the damped discrete Hill’s equation transition curves
from the escape to infinity lines of an undamped discrete Hill’s
equation and viceversa. An example of the results use is given
to verify the connection.

such curves is established; [7], in which the contour lines
where named Iso - µ curves and a relationship between
the aforementioned with a Hill’s equation with damping
is demonstrated; and [19], where, by a wavelet - Garlekin
procedure, a characterization of the stability regions was
obtained.
An important and extensively studied particular case of
the Hill’s equation is the Mathieu’s equation [17], [26].
In [20], a simple explanation of this expression is given,
introducing nonlinear terms and damping; a study of two
coupled Mathieu’s equations can be found in [10]. In [14],
[22] and [23] the Mathieu’s equation characteristic exponents
have been examined; Mathieu’s discrete approximations
have been analyzed in some previous works as [16] and
[21], in the last one derived using calculus of variations
principle, as described in [8]. Finally, studies about damped
Mathieu’s equation can be found in [11], [12] and [18], where
transition curves for different values of the dissipation term
are exposed.
In the present document, a relationship existing between
the escape to infinity curves of an undamped discrete Hill’s
equation and the transition borders of an associated discrete
damped Hill’s equation is deduced, see Section V. With this
expression relating both systems a direct method to find the
escape to infinity curves of the undamped discrete Hill’s
equation from the transition borders of the associated damped
discrete Hill’s equation and viceversa, is provided.

I. INTRODUCTION
For quite a long time, periodic coefficient linear
differential equations, i.e. ẋ(t) = P (t)x(t), with P (t + T ) =
P (t) a square matrix of dimension n, have been widely
explored and studied [2], [25]. This kind of equations are
usually employed in the description of numerous physical
systems. The parametric resonance phenomenon occurs
when a periodic variation over a parameter is applied to
an oscillatory system; such effect is named Parametric
Excitation1 .
An equation of special interest is the Hill’s equation, i.e.
ẍ(t) + [α + βp(t)]x(t) = 0, p(t + T ) = p(t), which
was obtained by George Hill in 1870’s and published until
1886. This particular equation has been used in different
engineering and physics problems [5], [15], [25]. Given the
periodicity of the function p(t), Floquet’s theory is used for
the stability analysis of the Hill’s equation.
As stated and proven in [5], Hill’s equation has only two
possible type of solutions: unbounded or bounded; the system
behavior depends directly on the values of the parameters
(α, β) selected. An α − β plane for this equation receives
the name of Strutt Diagram, in which regions of stability
and instability can be described graphically, as shown in
Fig. 1, where the stable zones are marked with blue and
unstable ones are left blank. Unstable regions of the diagram
receive the name of Arnold Tongues and the lines dividing
the unstable - stable regions are named Transition Curves,
which characterizes by having a T or 2T periodic solution
at least [15].
Escape to infinity curves are lines in the Arnold Tongues
that have the same growth rate. The existence of such
curves has been noted in some papers like [26], where they
received the name of contour lines; [17], where a relationship
for the scalar case of the damped Mathieu’s equation and
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1 An example of this systems is the Kapitsa’s pendulum, in which the
unstable equilibrium point can be stabilized by varying periodically the
suspension point [13].
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Fig. 1. Strutt diagram for the damped discrete Mathieu’s equation with
K = 7, T = 2π and δ = 0.01.

with R a square matrix of dimension n, not necessarily real
and P (t + T ) = P (t) a nonsingular T-periodic matrix [3].

II. STATE TRANSITION MATRIX
Consider the dynamical periodic system
ẋ(t) = P (t)x(t)

(1)

In which P (t) is a square matrix of dimension n with
continuous functions of t ∈ R as its entries. Then, for every
initial state xi (t0 ), there exists only one solution, i.e. xi (t),
i = 1, 2, . . . , n. The set of unique solutions
 can be arranged
in the form X = X1 , X2 , . . . Xn , a square matrix
of order n. Because every solution xi satisfies (1), it can be
noted that
Ẋ(t) = P (t)X(t)
X(t) is a Fundamental matrix of the system (1) if the
arrangement X(t0 ) is nonsingular for every t ∈ R. As the
initial values can be chosen arbitrarily with just the condition
of being linearly independent, the Fundamental matrix is not
unique. From the aforementioned, the state transition matrix
is defined in [4] as follows:
Definition 1. Given a Fundamental matrix X(t) of the
system (1), then
Φ(t, t0 ) , X(t)X −1 (t0 )

Theorem 1. Let Φ(t, t0 ) express the state transition matrix
of the system (1) with t0 ∈ R and Φ(t0 ) = x0 , the initial
time and condition, respectively. Then the next properties are
true:
(i) The unique solution for the matrix equation

(iii)
(iv)
(v)

∂
Φ(t, t0 ) = P (t)Φ(t, t0 )
∂t
is the state transition matrix Φ(t, t0 ).
The inverse matrix of Φ(t, t0 ) always exists for all t ∈
R.
Given some t, ω, Γ ∈ R, the semigroup property
Φ(t, Γ) = Φ(t, ω)Φ(ω, Γ) is satisfied.
The inverse of the state transition matrix is defined for
−1
all t, t0 ∈ Ras (Φ(t, t0 )) , Φ−1 (t, t0 ) = Φ(t0 , t).
The system (1) has a unique solution defined by
Φ(t, t0 , x0 ) = Φ(t, t0 )x0 for all t ∈ R and x0
specified.

Proofs of Theorem 1 can be found in [1].
III. FLOQUET THEORY
A periodic function f is characterized by satisfying the
equality f (t + T ) = f (t) for all t ∈ R and a fundamental
period T . Consider the homogeneous periodic system
ẋ(t) = P (t)x(t)

(2)

Where P (t + T ) = P (t) and let Φ(t, t0 ) denote its transition
matrix.
Theorem 2. The state transition matrix of a linear periodic
system as (2) satisfies the equation
Φ(t, t0 ) = P −1 (t)eR(t−t0 ) P (t0 )

Corollary 2.1. The state transition matrix of the system (2),
for the initial time t0 = 0, satisfies:
Φ(t, 0) = P −1 (t)eRt

(4)

Now, by evaluating (4) in t = T , and considering
P (T ) = In , the identity matrix of dimension n because of
the periodicity of the system, we have
M = Φ(T, 0) = eRT
which is called the Monodromy Matrix of the system (2).
We may define Mt0 , Φ(t0 + T, t0 ) with some initial time
t0 ∈ (0, T ). Using (3), it may be proven that M and Mt0
are similar matrices [6].
The characteristic values ρi of a Monodromy matrix are
known as the Characteristic Multipliers of (2) and any λi
such that ρi = eλi T is called a characteristic exponent.
Remark. The characteristic multipliers are unique,
nevertheless the characteristic exponents are not [25].

is named the state transition matrix of (1).

(ii)

By taking into account t0 = 0 in (3) and using the
state transition matrix properties, the most popular version
of Floquet's theorem is derived.

(3)

In [7], it has been proved that the system (2), for some
t ≥ 0, t can be rewritten as t = kT + , k a nonnegative
integer and  ∈ [0, T ), then the solution satisfies
x(t) = Φ(t, 0)x0
= Φ(kT + , 0)x0
= Φ(kT + , kT )Φ(kT, (k − 1)T ) . . . Φ(T, 0)x0
= Φ(, 0)M k x0
for t0 = 0 and x(0) = x0 .
Theorem 3. A necessary and sufficient condition for the
system (2) to be uniformly stable is that the characteristic
multipliers of (2) have modulus |ρi | ≤ 1 and the ones
with modulus |ρk | = 1, where ρk is a simple elementary
divisor or equivalently, λi corresponds to a simple root of
the Monodromy’s matrix M minimal polynomial [9].
IV. DAMPED DISCRETE HILL’S EQUATION
In order to develop the main result of this work, which
is to obtain a relationship existing between the escape to
infinity curves of an undamped discrete Hill’s equation
and the transition borders of an associated discrete damped
Hill’s equation, in the present section some of the main
characteristics of both systems previously mentioned are
described.
In [21], the discrete Hill’s equation was derived as,


zk+2 + α + βp(k) zk+1 + zk = 0
(5)
where p(k) is a K-periodic activation sequence, for some K
positive integer K ≥ 2.

Let the general second order differential equation with
damping be described as,
mẍ(t) + δ ẋ(t) + rx(t) = 0

(6)

where
(
1
i=
0

if
if

K
K

is
is

even
odd

l0 = 1
in which m, δ, r ∈ R and δ > 0.
By applying the Laplace Transform to (6) and using the
Trapezoidal Method, defined by
s=

2 z−1
T z+1

l1 = −K
−K(K − 1) K − 2
l2 =
−
l1
2!
1!
..
.
K(K − 1) . . . (K − K−i
2 − 1)
K−i
2
2 !
2+i
··· −
l K−i
1! ( 2 −1)
Remark. A coexistence point is a zero length interval across
the α axis that corresponds to a set of parameters in which
the solutions are T or 2T periodic if they belong to an even
or odd order tongue, respectively. By adding a dissipating
term in the equation, the unstable region near a coexistence
point will dissapear and the stable zones would be connected.
l K−i = −

the general second order damped difference equation is
derived.
αd zk+2 + βd zk+1 + γd zk = 0

(7)

where,
αd = (4m + rT 2 ) + 2δT
βd = −8m + 2rT 2

(8)

2

γd = (4m + rT ) − 2δT
Finally, let us introduce the excitation
 sequence by defining
the coefficient βd = α + βp(k) in the zk+1 term and
transform (7) into the damped discrete Hill’s equation [24].
Remark. Notice that by taking δ = 0 and normalizing (7)
we get the same result as in (5).
For δ > 0, the more general equation (7) is in the form


(K + Lδ)zk+2 + α + βp(k) zk+1 + (K − Lδ)zk = 0
so, in order to introduce a damping to (5), we must add a
proportional value (Lδ) to the term zk+2 and subtract the
same amount (−Lδ) from the term zk .
Consider the discrete Hill’s equation with a dissipation term
(7), the coefficients defined as (8), a periodic sequence
p(k) = p(k + K), m, δ, r ∈ R and the dissipating factor
δ > 0. The solutions of the Strutt diagram corresponding to
the equation (7) are
(i) Asymptotically stable: Solutions in the stable zones
whose behavior tends to zero as time tends to infinity,
i.e. x(k) →
− 0 as k →
− ∞.
(ii) Unstable regions: Solutions in which the response of
the system is unbounded as the time increases, i.e.
x(k) →
− ∞ as k →
− ∞.
Remark. In [21] it has been demonstrated that the Arnold
Tongues of the discrete damped Hill’s equation do not touch
the β = 0 axis, opposite to the undamped case in which the
unstable regions born at points that correspond to the roots
of the polynomial
|l0 (−α)K + l1 (−α)K−2 + · · · + l K−i (−α)i | = 2
2

Regarding to the differential equation, it is well known
that it is possible to express a solution of any undamped
differential equation with periodic coefficients as
x(t) = eλi t p(t);

p(t + T ) = p(t)

then, the solution of the system will be stable if and only
if the real part of the characteristic exponent λi is positive,
i.e. Re(λi ) > 0. In particular, the escape to infinity curves
correspond to specific values of (α, β) for which all the
solutions share exactly the same growth rate. Thus, there
is a connection between the characteristic exponents λi and
a particular rate of growth.
As stated in the previous section, the characteristic exponent
λi is associated to the characteristic multiplier ρi , i.e.
ρi = eλi t , so, for the solution to be exponentially unstable
|ρi | > 1. Then, there exists as well a connection relating the
characteristic multiplier ρi and a specific rate of growth.
Let the maximum growth rate be defined as
ζ = max{|σ(M )|} > 1
with σ(M )
=
{ρ1 , ρ2 , . . . , ρn } and |σ(M )|
=
{|ρ1 |, |ρ2 |, . . . , |ρn |}.
Thus, the escape to infinity curves are lines inside the
Arnold Tongues on the Strutt diagram in which the growth
rate ζ is exactly the same for every solution of the undamped
discrete Hill’s equation.
V. MAIN RESULT
Given the previous results, the relationship between the
discrete Hill’s equation with dissipation transition borders
and the escape to infinity curves of an associated undamped
discrete Hill’s equation can now be established.

Theorem 4. The α − β diagram of an undamped discrete
Hill’s equation
ᾱyk+2 + β̄yk+1 + ᾱyk

(9)

where,
ᾱ = −4m + rT 2
β̄ = α + βp(k)
With q(k + K) = q(K) a periodic sequence, m, r, T ∈ R,
yk ∈ R and a specific rate of growth ζ, is equivalent to
the transition curves of an associated damped discrete Hill’s
equation
α̃xk+2 + β̃xk+1 + γ̃xk = 0
(10)
where,
α̃ = (4m + rT 2 ) + 2δT
β̃ = β̄
with m, r, δ, T ∈ R, xk ∈ R; if and only if
r
γ̃
ζ=
α̃
In which the maximum growth rate is

(11)

ζ = max{|σ(Φ(T, 0))|}
Proof: Rewriting the equations (9) and (10) as
ŷk+1 = Ak ŷk
x̂k+1 = Bk x̂k
where,

1
β̄ ;
− ᾱ


yk
ŷk =
;
yk+1

0
Ak =
−1



0
1
Bk =
γ̃
β̃
− α̃ − α̃


xk
x̂k =
xk+1

Given Theorem 4, it can be seen that the stability of (9)
is associated to the characteristic multipliers ρi , that has
to lie in the unitary circle, i.e. |T r(M )| = 2, with M
the corresponding Monodromy matrix of (9). By adding the
dissipation term, the stability condition is modified as
|T r(M )|ζ K ≤ 2

γ̃ = (4m + rT 2 ) − 2δT



Necessary and sufficient conditions to obtain the escape to
infinity curves of an undamped discrete Hill’s equation from
the transition borders of an associated discrete and damped
discrete Hill’s equation are expressed in Theorem 4.
It can be seen directly from Theorem 4 that the Arnold
Tongues in the Strutt diagram, corresponding to (9), which
are distinguished for having an associated characteristic
multiplier defined as ρi : ζ > max |ρi |, would disappear by
adding a dissipation term, which can be derived from (11),
as
(ζ 2 − 1)(4m + rT 2 )
(14)
δ=−
2T (ζ 2 + 1)



Now, let the transformation T : xk →
− yk be defined as
k

xk = ζ yk

(12)

By substituting (12) in (10)
α̃(ζ k+2 yk+2 ) + β̃(ζ k+1 yk+1 ) + γ̃(ζ k yk ) = 0

(15)

then, the solutions of (10) will be asymptotically stable if
the condition (15) is satisfied.
Theorem 4 expresses that an unstable region will vanish
if a corresponding dissipating element δ is inserted to (9),
where δ is as in (14). Then, the curves of escape to infinity of
(10) and the transition curves of (9) would be the same, then
the discrete and damped Hill’s equation’s Arnold Tongues
will not rise from the β = 0 axis, as stated previously.
Besides to the aforementioned, Theorem 4 states that those
Arnold Tongues close to a coexistence point have a smaller
rate of growth ζ than those unstable zones that lie far from
the same point, thus by adding a dissipation term δ, the
unstable regions near the coexistence point will disappear,
connecting the stable regions and making them bigger. These
relation can be visualized by comparing Fig. 2 and Fig. 3,
corresponding to Meissner’s equation, i.e.


zk+2 + α + βSign(cos (k)) zk+1 + zk = 0
for (9) and (10) with different values of ζ and δ, respectively.
It can be seen that the transition borders of both systems are
the same, demonstrating graphically the stated by Theorem
4.

(13)

Comparing (9) with (13), it can be noticed that the conditions
to be satisfied are
ᾱ = α̃ζ k+2
ᾱ = γ̃ζ k
Then,
α̃ζ k+2 ≡ γ̃ζ k
which is finally simplified as
r
ζ=

γ̃
α̃


Fig. 2. α − β diagram for the undamped discrete Meissner’s equation (9)
with K = 5, T = 2π and different values of ζ −1 .

with the same parameters as before and the corresponding
different damping values δ is shown in Fig. 5. As it can be
seen, there is no difference between both results.

Fig. 3. α − β diagram for the damped discrete Meissner’s equation (10)
with K = 5, T = 2π and different values of δ.

Remark. The results presented in Theorem 4 are general for
any particular case of the Hill’s equation, such as Mathieu’s
or Meissner’s equation.
In Table I the dissipating term δ and the corresponding
escape to infinity ζ −1 values obtained for the discrete
Meissner’s equation from Figures 3 and 2 are presented. The
curves are numbered in an increasing way from the inner to
outer one.
Number of curve

δ

ζ −1

1
2
3
4
5
6
7
8
9
10
11
12
13

0.01
0.03
0.05
0.07
0.09
0.11
0.13
0.15
0.17
0.19
0.21
0.23
0.25

1.012358
1.038421
1.064962
1.092179
1.120322
1.149293
1.179245
1.210214
1.242236
1.275672
1.310272
1.346438
1.384274

TABLE I
E QUIVALENT DISSIPATION δ AND ESCAPE TO INFINITY ζ −1 VALUES FOR
THE DISCRETE

M EISSNER ’ S EQUATION .

Remark. Table I presents the inverse value of the escape to
infinity speed, i.e. ζ −1 , instead of the results obtained for ζ
due to simplicity of understanding and in order to maintain
an increasing relation between δ and ζ −1 .
A. One Degree of Freedom Example
The α − β plane for the undamped discrete Hill’s equation
with p(k) = cos (k) + cos (2k), i.e.


ᾱzk+2 + α + β(cos (k) + cos (2k)) zk+1 + ᾱzk = 0
with the parameters m = 0.2, R = 0.1267, T = 2π, K = 5
and different values for the escape to infinity values ζ −1 can
be appreciated in Fig. 4. For reason of comparison, the Strutt
diagram for the damped discrete Hill’s equation, i.e.


α̃zk+2 + α + β(cos (k) + cos (2k)) zk+1 + γ̃zk = 0

Fig. 4. α − β diagram for the undamped discrete Hill’s equation (9) with
p(k) = cos (k) + cos (2k), K = 5, T = 2π, and different values of the
escape to infinity speed ζ −1 .

Fig. 5. α − β diagram for the damped discrete Hill’s equation (10) with
p(k) = cos (k) + cos (2k), K = 5, T = 2π and different values for the
damping term δ.

Number of curve

δ

ζ −1

1
2
3
4
5
6
7
8
9
10
11
12
13

0.01
0.03
0.05
0.07
0.09
0.11
0.13
0.15
0.17
0.19
0.21
0.23
0.25

1.025430
1.078515
1.134687
1.194600
1.258811
1.328197
1.403705
1.486767
1.578531
1.681520
1.798561
1.933861
2.092925

TABLE II
E QUIVALENT DISSIPATION δ AND THE CORRESPONDING ESCAPE TO
INFINITY ζ −1 VALUES FOR THE DISCRETE H ILL’ S EQUATION WITH THE
ACTIVATION SEQUENCE p(k) = cos (k) + cos (2k).

As in the past section, Table II concentrates the values of
the dissipating term δ and those corresponding to the escape
to infinity speed ζ −1 obtained for the discrete Hill’s equation
of the example.
VI. CONCLUSIONS
In this paper, the presence of a relation existing between
the escape to infinity speed of an undamped discrete Hill’s
equation with a particular value of such speed and the
transition borders of an associated discrete damped Hill’s
equation for a specific dissipation term is proven, both
numerically and analytically. The aforementioned relation
has been described by an equation which gives the capability
to obtain the escape to infinity curves of the undamped
discrete Hill’s equation from the transition curves of the
related damped discrete Hill’s equation and viceversa.
Furthermore, such expression gives a way to obtain the
disspating value needed in order to turn an unstable region
into a stable one.
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