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Abstract—Human hand manipulations by their fingers are
carried out by the sensory-motor coordination, as the visual
or tactile sensing, and the motor control signals. Although the
visual information is relevant for manipulation, there are tasks
that humans can even if the object is occluded. Thus, the skin
information, muscles, and tendons variations are fundamentals
to estimate spatial dimensions of the object to manipulate it.
In this paper is exploiting the hemispherical soft tip of the
finger to get skillful manipulation of a rigid circular object
under the assumption that the measurement of the object angle
is not available. The proposed regulator is used to control the
contact forces and orientation of the object. Our approach is
based in to create a virtual reference frame, fixed at the origin
of the world reference frame, to estimate object angle. Stability
analysis, based on passivity considerations, is presented without
force sensing, object angle measure, not either any knowledge of
the deformation nor penetration. Experimental results show the
closed-loop performance for the rolling a wheel onto the plane
by robotic finger.
Index Terms—Soft Fingertip, Constrained Object, Dexterous
Manipulation

I. I NTRODUCTION
In the last years, the robotics community has focused
on to develop systems with new capacities, abilities, and
intelligence. New materials and mechanisms have allowed to
re-design the robots to replicate some elastic and rheological
properties of living beings.
Given the properties of soft materials, to deform continuously at contact, sensors and actuators have developed, [1],
978-1-7281-4840-3/19/$31.00 ©2019 IEEE

[2], [3], [4], [5]. Soft continuum bodies and soft-bodied robots
are examples of these soft robots. In this paper, we will focus
on robotic fingers with a hemispherical shape and soft tip to
grasp and manipulate objects. Unlike conventional approaches
[6], [7], [8], [9], the soft-tip deformation and rolling motion
represent the available sensing information to control the
orientation of a circular object. That is, the rolling motion
and fingertip deformation provide information on the spatial
properties of the object, rather visual sensing used to grasp
and manipulate it.
Dexterous manipulation based on point contact becomes
very difficult, if not impossible to carry out, even for us
humans, if rolling and sliding are not possible. This stems from
the fact that tangential force is not modeled in a point contact
model because contact occurs at an infinitesimally small rigid
point, where rolling or sliding is difficult to handle, [10].
Recently, robotic fingers with soft-tips and hemisphericalshape have proved to be fundamental to increase the dexterity
in robotic hands, [11], [12]. The main structural differences
between deformable contact area and rigid contact point can
be seen in Table. I. These differences involve, among other
things, changes in the controller design that explodes skills in
the task execution. For example, in frictionless rigid contact
point the tangential force is not controlling explicitly because
the tangential force is not modeled, but it arises only when the
friction cone is artificially considered, [13]. The stabilization
of normal and tangential forces are integrated into the con-

troller design to execute manipulation tasks onto regular and
irregular objects in 2D and 3D, [14] and planar objects without
sliding nor slippage for convex contact, [15], [16], [17], [18].
In this paper, the manipulation of a circular object by robotic
finger with a hemispherical shape and soft tip is proposed
without sensing or measure the contact forces, the deformation, or the object angle. By subtle inspection about the contact
mechanics, between the rigid circular object and robotic finger
with a soft tip, is suggests that dexterous manipulation can
take place controlling the deformation, which implying the
contact forces control, while the object orientation by the
rolling motion. Given that rolling motion allows repositioning
the contacts without losing the grasp, the object orientation
estimation is based in the rotation of a virtual reference frame
fixed to the origin of world reference frame while one axis
will attach to the fingertip base. Thus, the orientation control,
for rolling or displacement onto a rigid surface the object, is
based on the virtual reference frame orientation avoiding the
measure of the angle directly by sensors, like a camera or
proximity sensors. The virtual reference frame has a limited
range motion given the radius of the deformable fingertip.
The idea behind virtual reference frame is the assumption that
humans can define different virtual reference frames to do a
task, [19], [20], [21], [22]. It is worth mentioning that regulator
structure is simple in view model complexity and its stability
analysis, a fact that highlights the importance of precise and
representative dynamic model of deformable fingertips. This
claim is substantiated because deformation and rolling motion
bring into the model certain complexity, difficult to tackle but
that without them the manipulation skillful is not easy.

TABLE I: Comparative table of rigid point contact versus deformable area contact for Euler-Lagrange DAE robot models.

A. Organization
This paper is organized as follows. In Section II is shows
the case of a circular object pivoting at its rotating axis, while
the case of an object rolling on a plane is presented in Section
III. In both cases, firstly, it is presented the motion equations
of the whole system, the planar redundant robot with a soft
tip coupled with an underactuated circular object. Then, a
regulator is proposed and its stability analysis is discussed.
Experimental results are presented in Section IV to illustrate
the performance of the system under various operational
conditions, finally concluding remarks are addressed in Section
V.

II. M ANIPULATION OF A C IRCULAR DYNAMIC O BJECT
ROLLING AT ITS A XIS
A. Kinematic Rolling Constraint
Consider three degrees of freedom (DoF) robotic finger,
equipped with a hemispherical lossless elastic soft fingertip as
end-effector, in contact with a circular rigid object as shown in
Fig. 1. The object coordinate frame Σcm is fixed at the center

Fig. 1: Representation of a soft-fingered robot in contact with
a circular object pivoting around Σcm .
of mass of the object (CoM), the generalized angular position
vector of the robotic finger with respect to the world reference
frame Σ0 is defined as q ∈ R3 , while the center position
of the fingertip base is denoted by (xe , ye ). The link lengths
are defined as li , for i = 1, 2, 3, while r > 0, and R > 0
are the radii of deformable finger-tip, and the circular object,
respectively. Assuming that rotational axis pivots at Ocm , the
maximum radial deformation of the soft tip, ∆x > 0, arises
along the line that connects Σe with Σcm , as
r − ∆x + R = R0
(1)
R0 = (x0 − xe ) sin(α) + (y0 − ye ) cos(α)


y0 − ye
where α = tan−1
∈ R is the angle between force
x0 − xe
vector and the horizontal. Thereby, Pc is the point where
the greater force arises due to maximal radial deformation,
and will be the point where force is applied. Assuming that
fingertip is in contact with the object, the rolling motion can
be modeled as a constraint at velocity level, [11],
Ṡ = Rθ̇ + rθ˙p = 0

(2)

where θp = π +α−qT e, e = [1, 1, 1]T and θ denote the object
angle which is measured usually with respect to the usual
right-hand side convention for positive angular displacement,
see Fig. 2. It is easy to notice that (2) is integrable, thus
the vector-valued solution S ∈ R, called kinematic rolling
constraint, can be written as
S = Rθ + rθp + Cθp0 = 0

(3)

∂Pc (∆x)
∂∆x

= k∆x2 denotes the contact force with k = 2πE as
∂Pg (q)
the fingertip stiffness, g(q) = ∂q
∈ R3 models the torques
due to Earth gravitational field, u = [uTr , 0] ∈ R4 denotes the
input vector for torque control, λ is the Lagrangian multiplier
which represents the magnitude of the rolling force. Notice
that (5)-(6) represent a highly nonlinear under-actuated system
given that the object is subject to an endogenous torque due
∂S
to the normal and tangential forces through f ∂∆x
∂θ and λ ∂θ ,
respectively. Representing the system (5)-(6) in a compact
vector-matrix notation we have that
Hz̈ + Cż + G + BΛ

=

u

(7)

where
Fig. 2: Kinematic parameters of the circular object pivoting
around Σcm .
where Cθp0 stands for integration constant at initial condition.
This means that state space of the finger in contact with
the object is constrained by manifold Mb given as Mb =
{(z, ż) ∈ R8 : S = 0, Ṡ = 0}.
The soft fingertip at contact with rigid object induces a
changing contact area in 2D1 which will be relevant, unlike
contact point, to improve the dexterity in manipulation, [23],
[24].
B. Dynamic Model
To model the constrained system which evolves onto a
holonomic constraint (3), we apply the variational principle
to the constrained Lagrangian Lr defined as
Lr = L + S

(4)

where L = Kq̇ + Kθ̇ − Pg (q) − Pc (∆x) stand for the Lagrangian, Pg (q) the potential energy of the Earth gravitational
1
1
field, Kq̇ = q̇T H(q)q̇ and Kθ̇ = I θ̇2 represent the kinetic
2
2
energies of the robotic finger, and rigid object, respectively,
while H(q) ∈ R3×3 and scalar I denote the inertial matrix
and the inertia angular moment of the robot and the object,
respectively. The potential energy due to deformation of the
soft tip is defined as Pc (∆x) = 2πE∆x3 /3 where E is the
Young modulus of the soft material, [12]. According to the
Euler-Lagrange modeling formalism, [25], [26], the motion
equations of the finger in contact with the rigid object is given
as2
∂∆x
∂S
−λ
= ur (5)
H(q)q̈ + C(q, q̇)q̇ + g(q) + f
∂q
∂q
∂S
∂∆x
−λ
= 0 (6)
I θ̈ + f
∂θ
∂θ
where C(q, q̇) ∈ R3×3 represents the Coriolis matrix that
gives rise to centrifugal and centripetal forces, f = f (∆x) =
1 For the 3D case; an ellipsoid area arises at contact, which is useful for a
less conservative motion planning because an enlarged convex hull arises at
contact, [30].
2 Notice that dissipative friction at velocity level can be included without
loss of generality of the result of this paper.

H =
C =

diag(H(q), I),
diag(C(q, q̇), 0),

G =

[g(q), 0]T ,

u

=

[ur , 0]T ,

z

=

[qT , θ]T

Λ

=

[f, λ]T ,
 ∂∆x

B

=

∂q
∂∆x
∂θ

∂S
∂q
∂S
∂θ




=

J T (q)rX
0

−r(JS + e)
R


,

where z = [qT , θ]T is the generalized position vector,
J(q) ∈ R3×2 represents the non-square Jacobian matrix of
the manipulator at (xe , ye ) with rX = [sin(α), cos(α)]T while
1 T
JS = D
J (q)rW ∈ R3 denotes the tangential direction of λ
with rW = [y0 −ye , x0 −xe ]T and D = (y0 −ye )2 +(x0 −xe )2 .
Based on [19], [20], [21] and [27], [28] to control a biarticular robotic manipulator using a bio-inspired reference
frame. The intuitive orientation control of a circular object,
pivoting around Ocm , is proposed. A virtual reference frame,
ΣR , attached to the world reference frame of the robot, and
moving according to the center position of the fingertip base, is
used to determine the estimated orientation of the object, Fig.1.
Thus, moving of the virtual frame, ΣR , can be parametrized
by θL and L with respect to reference frame Σ0 . This fact
implies that orientation control of a circular object using a
virtual frame can be carried out avoiding measure the object
angle by sensors.
C. Control Design
Let the following control law for the joint driving force
ur = −Kv q̇ + fd J T (q)rX + g(q) + r(JS + e)λd − uθ
Kθ
uθ =
∆θJ T (q)rθ
D1

(8)
(9)

where Kv and Kθ are positive feedback gains, fd (∆xd ) > 0,
rθ = [ye , −xe ]T , D1 = x2e + ye2 , λd = ∆θ = θL − θd with
θL = tan−1 xyee and θd stands for the constant desired angle.
Now, we have the following result.
Proposition 1. Consider the robotic finger-object system
defined in (7) in closed loop with control law (8). Then, a
locally asymptotically convergence is guaranteed which means
that (∆f, ∆λ, ∆θ) → (0, 0, 0).

Proof. Substituting (8) into (7), we obtain the closed-loop
error equation
Hz̈ + Cż + BΛcl = F + F0

(10)

where Λcl = [f − fd , λ − λd , ∆θ]T = [∆f, ∆λ, ∆θ]T ∈ R3
stands for the errors vector, F = [−Kv q̇, −Rλd ]T , and F0
will be useful only for analysis purposes. The power balance
for input F0 = 0 and output ż yields
hF0 , żi = V̇1 + q̇T Kv q̇ + θ̇Rλd

(11)

in virtue that Ṡ = 0. Then, the closed-loop storage energy
function is defined as V1 = K + P∆f + Part > 0 where
R δx
P∆f = 0 {f (∆xd + ε) − f (∆xd )}dε > 0 and Part =
Kθ
∆θ2 is the artificial potential energy. It can be seen that
2
V1 does not qualify as a Lyapunov candidate function in the
conventional sense, because V (0) 6= 0 nor V (∗) > 0 for (z, ż)
on the constrained manifold M = {(z, ż = 0) : S = 0, ∆f =
0, ∆θ = 0}. Hence, stability in the sense of Lyapunov cannot
be concluded. However, we can using the Lasalle Theorem to
conclude stability, i.e. for smallqinitial conditions z(0) ∈ Ω0

Fig. 3: Human manipulation of a constrained circular object.
Manipulation by two fingers requires more skill than with one.

fd
with Ω0 = {z, ż : ∆xd =
k > 0, {z, ż} ∈ Mb } a
non-empty connected set, the system trajectories converge
to the basic manifold M. Here V1 is useful to analyze the
convergence properties of the autonomous system (10) on the
largest invariant set. Given that V̇1 ≤ 0 along the solution
trajectories, we have that if V̇1 = 0 there exists an isolated
annihilator ż = 0 such that z̈ = 0. This means that exists a
maximum connected set containing in (ż, z̈) = (0, 0). Thus,
the residual error dynamics that arise from (10) is defined as

BΛcl = 0

(12)

where the non-square matrix B is non-degenerate. That is, the
matrix J(q) is full column rank which is true when qi 6= aπ
for a ∈ Z and i = 1, 2, 3. Hence, the unique solution for
(12) is Λcl = 0, which implies that for small initial conditions
z(0) ∈ Ω0 , a local asymptotic stability is guaranteed such that
∆f → 0, ∆θ → 0 and ∆λ → 0.
III. M ANIPULATION OF A C IRCULAR O BJECT ROLLING
ONTO A R IGID S URFACE
Every day we manipulate objects with our thumb and index
fingers where the thumb, frequently, is used as a rolling surface
of the object, while the index induces a normal and tangential
force to manipulate it, see Fig. 3. Unlike to the previous case,
the circular object will displace along the plane as if it were
a wheel rolling onto the rigid surface, see Fig. 4.
A. Dynamic Model
To get the motion equations of the system represented in
Fig. 4, we will start modeling the rolling motion between the
circular object and rigid surface as ẋp = Rθ̇. Then, the new
holonomic constraint is given by
Sp = Rθ − xp + Cθ (t) = 0

(13)

Fig. 4: Circular object manipulation over a rigid plane.

for Cθ (t) the initial condition. Now, the constrained Lagrangian of the system given by
Lp = K − P + S + Sp

(14)

1 T
1
1
where K =
q̇ H(q)q̇ + I θ̇2 + M ẋ2p and P =
2
2
2
Pg (q) + Pc (∆x) represent the total kinetic energy and the
total potential energy, respectively, while S is defined in (3).
By applying the variational principle to (14), and using the
Euler-Lagrange formalism, we get the dynamical equations
of the system. To difference (5)-(6), the translational and
rotational object dynamics will be defined as M ẍp = −λp ,
and I θ̈ = −λR + λp R respectively, where λp stand for the
Lagrangian multiplier related to the holonomic constraint (13)
while λ is the Lagrangian multiplier related to (3). From the
previous equations and (13), we have that xp or θ can be
chosen as the generalized coordinate of the object dynamic
equation. Thus, the motion equations of the system can define

as

are the mass, mass moment of inertia and radius of the object,
respectively. Lastly, the stiffness of soft tip and radius of the
H(q)q̈ + C(q, q̇)q̇ + g(q) + f J T (q)rX − λr(JS + e) = urc (15)
object are defined as: k = 270563.4N/m2 , and r = 0.028m,
(M R2 + I)θ̈ + λR = 0 (16)
respectively. The soft tip is made of polyurethane resin while
Now, as in the previous section, we will use a virtual moving the stiffness was determined by compressing the tip along the
reference frame ΣR to control rotational movement of the normal direction. Finally, the feedback gains were tuning in
object. Thus, the goal is rolling object onto the table to reach trial-and-error basis according to the interplay of each gain in
a translational position x = L cos(π − θ ) where θ is an the closed-loop system.
p

L

L

estimated object angle. Given that translational movement of
the object is limited by the radius of hemispherical soft-tip, a
controller is designed to guarantee that f → fd and θL → θd .
B. Control Design
Let the following control law be
urc = −Kv2 q̇ + fd J T (q)rX + g(q) − r(JS + e)λd − uθ (17)
where fd > 0, Kv2 > 0 is a positive feedback gain, with
λd and uθ as defined in (9). Substituting (17) into (15), the
closed-loop error system (15)-(16) is given as
H(q)q̈ + C(q, q̇)q̇ + ∆f J T (q)rX
−∆λr(JS + e) + uθ
2

(M R + I)θ̈ + R∆λ + Rλd

= −Kv2 q̇ (18)
=

0

(19)

Now, multiplying (18) by q̇T and (19) by θ̇, we obtain the
following energy balance
T

V̇2 (z) = −q̇ Kv2 q̇ − θ̇Rλd

(20)

assuming that Ṡp = 0 and Ṡ = 0 and V2 (z) = K + P∆f1 +
Pa rt.
Remark. A similar results as Proposition 1 can be obtain, if
we consider now the motion equations (15)-(16) in closed-loop
with the control law (17). Then a local asymptotic stability of
(∆f, ∆λ, ∆θ) → 0 is guarantee.
IV. E XPERIMENTAL R ESULTS
This section presents the experimental results of the manipulation of a circular object constrained to a rigid surface. The
experiments were carried out on a 3 DoF robotic finger using
Dynamixel MX-64R servos in torque mode. The communication between servos and computer is made by USB serial
converter, USB2Dynamixel under a sampling time of 25ms,
Fig. 5.
The task goal is to apply a desired force to the object
while is moving to the desired angle, using the proposed
controller in (17), avoiding any sensory information. For these
experiments is assumed that the robotic finger and the object
are initially in contact. Furthermore, the generalized positions
and velocities of the fingers are obtained directly from the
servomotors, such that the position xp is calculated on-line
while xp (0) can be known initially. By the other hand, yp = y0
will remain constant all the time. The physical parameters
of the robotic finger are: L1 = 0.088m, L2 = 0.088m,
L3 = 0.036m, M1 = 0.2kg, M2 = 0.2kg, M3 = 0.15kg,
Lcm1 = 0.06m, Lcm2 = 0.06m and Lcm3 = 0.025m. Additionally, M = 0.04kg, I = 18 × 10−6 kgm2 and R = 0.03m

Fig. 5: Experimental Setup.
For the first experiment we consider that fd = 8N ,
∆xd (0) = 0.0054m and θd = 0.535rad while the feedback gains were defined as Kv2 = diag(0.001) kgm2 /s
and Kθ = 100 N . The initial conditions, for the robotic
finger and the circular object, were defined as z(0) =
[−0.45, −1.2, −0.91, −0.018]T , with xp (0) = −0.10m, and
yp (0) = 0.03m. In Fig. 6a is show the convergence of ∆f
and ∆θL , respectively. Notice that ∆f and ∆θL converge,
practically, at the same time, in approx. 1.1s. Fig.6b show the
performance of θL . Finally, the trajectory of xp, related to the
movement of the fingertip base, is shown in Fig. 6c.
For the second experiment we consider that fd = 6N ,
∆xd (0) = 0.0047m and θd = 0.445rad. For this experiment z(0) = [−0.45, −1.2, −0.91, −0.018]T , and xp (0) =
−0.15m. Finally, the feedback gains were defined as Kv2 =
diag(0.001) kgm2 /s, and Kθ = 10 N . In Fig. 7a is show
the performance of ∆f and ∆θ. Initially, the robotic finger
moves slightly, as trying to reach a better position before
executing the task. After that, begins the convergence to the
desired values. Unlike the previous experiment, we can notice
that exist a small error in ∆θ about 0.1rad. This may have
been due to using the sampling time of the experimental setup
and motor encoder resolution. Finally, in Fig. 7c is show
the joint positions performance during the experiment. We
can notice the contribution of each joint which together with
hemispherical tip produce a rolling motion of the object.
V. F INAL R EMARKS
Several remarks are worthing to discuss:
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Fig. 6: Experimental results: Manipulation of a constrained
circular object. a)Force and the object angle errors, b)Object
Angle, θl , c)Joint Positions.
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Fig. 7: Experimental results: Manipulation of a constrained
circular object. a)Force and the object angle errors, b)Object
Angle, θl , c)Object position.
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Robotic finger with a hemispherical shape and soft tip
can control the orientation of a circular object by the
rolling motion exploiting the tangential force and avoiding the angle measurement. To this end, we extend the
previous judicious observations of robotic hands with soft
fingertips to show that the control of contact force and
object orientation is possible by a simple regulator. The
structure of the force and orientation regulator stems from
the fact that passivity property, typical of the robotic
manipulators, is preserved to the finger with a soft tip.
The potential impact of fingers with a hemispherical
shape and soft tips spans not only for manipulating
objects but to handle impulsive forces, the transition from
free to constrained motion regimes and safe interaction
because the kinetic energy is converted into deformation
(then into potential energy). The kinetic energy is becoming potential environmental energy throughout deformation, diminishing troubles related to impact, which under
some conditions may lead to preserve analyticity of the
ODE formulations.
Degrees of freedoms of the robotic finger should satisfy
the n control objectives to manipulate stably the object,
which regularly is greater than operational space dimension m. In this paper, it has considered that n = m + r =
3 where m = 2 and r = 1 as the redundant degree
of freedom. Although we have three control objectives,
notice that ∆θ and ∆λ are related directly. Thus, strictly
speaking, we have two control objectives and one constraint which removes one degree of freedom. However
if r = 1 + s, then s additional tasks can be assigned into
the a self-motion prioritization scheme, [29].

All these aspects seem relevant characteristics that can be
useful for service robots and physical human-robot interaction.
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