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Abstract—This conference paper suggests an interesting application of a Robust Extremum Seeking Algorithm for dynamic
plants with uncertainties and perturbations. The main idea is
develop a signal such drives a DC motor to a specific angular
velocity, taking into account a perturbation of the inertia (change
of mass of the load, density, spatial distribution, etc) and viscous
friction and optimizing an specific functional in real-time to reach
some angular velocity.
Index Terms—Extremum Seeking, Real-time optimization, DC
motor application

I. R ELATED WORKS
Liu and Krstic [24] proposed a stochastic averaging and
deterministic extremum seeking procedure when perturbations
exist in dynamical model but not in observations and measurements. Wang et al. [39] presented an experimental application
of extremum seeking algorithm. Zinkevich et al. [40] developed a parallelized stochastic gradient descent in discrete time.
Iyasere et al. [17] suggested an optimum seeking-based robust
non-linear controller to maximize wind energy captured by
variable speed wind turbines at low-to-medium wind speeds.
Solis et al. [30], [31] suggested an interesting fast terminal
optimal control to control a chaotic oscillator and a 3D crane
with perturbations based on sliding mode manifolds. Bensafia
et al. [8] presented a robust method based on fractional control
theory and adaptive PI controller to set-point a DC motor.
Zhang et al. [4] suggested an H−∞ control strategy for
electric electromotive. Velagic and Galijasevic [38] designed a
fuzzy logic control for a DC motor under real constrains and
disturbances. Hai-Ping and Xia [3] presented a global robust
siding mode control for DC motors bye exact linearization.
Dobra [13] suggested an interesting robust PI control for servo
motors. Brisilla et al. [12] showed an observer based sliding
mode control for permanent magnet motors. Tijerina and Meza
[36] presented a variable structure control for DC motors based
on sliding mode manifolds.
Although the concept of extremum seeking is interesting
for the solution of real-time optimization problems like motor
set-point with uncertainties and perturbations, etc.
II. M AIN R ESULTS
This paper presents the following main contributions:
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1) the Robust Extremum Seking Algorithm and its general
formulation problem,
2) the application of the Algorithm to a DC motor model
with uncertainties and with convex functional,
3) a numerical simulation to validate the results.
III. G ENERAL FORMULATION OF THE PROBLEM
Let us consider the problem:


minf (·)

arg

x1 ∈Rn



s. t.
ẋ1 = x2




ẋ2 = g (x1 , x2 , t) + u



y (·) = f (·)

(1)

with the following assumptions:
1) x1 , x2 ∈ Rn the known states of the plant and u ∈ Rn
the input control,
2) g : Rn × Rn × R → Rn defined by g (x1 , x2 , t) is a
smooth function that represents the description of the
the dynamical plant with non-modeled uncertainties and
satisfies that kg (x1 , x2 , t)k ≤ c0 + c1 kx1 k + c2 kx2 k
for some known constants c0 , c1 , c2 > 0,
3) f : Rn → R is an unknown twice differentiable strongly
convex function such that h− I < ∇2 f (x1 ) < h+ I for
some known constants h+ , h− > 0,
4) y (·) ∈ Rn is a measurable output signal about the
aforementioned function.
The problem considers a continuous-time strongly convex
unknown function f (·) with bounded dynamical constrains
including uncertainties. We will propose a robust closedloop controller that stabilizes the system around an optimal
convergence zone.
IV. ROBUST E XTREMUM S EEKING
Let x be a Rn vector. We define sign(x) := [sign(xm )]m
with m ∈ J1, nK.

Fig. 1. Block diagram structure for the algorithm.

The suggested algorithm to solve the problem (1) is as
follows:


D̂ = α1 ζy

 (x1 + αζ
 t)



J̇o = β D̂ − Jo




J̇ = β (Jo − J)
(2)






u = −µJ̇ − Umax [c0 + c1 kx1 k +



 c kx k] sign (µJ + x )
2
2
2
with the following considerations:
1) constants β, µ, α > 0 and Umax ≥ 1,
2) the auxiliary states D̂, J, J0 ∈ Rn ,
3) the dither signal ζt is defined as follows

Z∞
h (t) (ω) :=

h (t) exp (−iωt) dt

(4)

−∞

Lemma 1. For an integrable real value function h (t) and for
some constant ω0 > 0 we have that
sin (nω0 t) h (t) (ω) =
1
2i



h (t) (ω + nω0 ) − h (t) (ω − nω0 )



(5)

sin (nω0 t) sin (mω0 t) h (t) (ω) =
1
4



h (t) (ω − (m − n) ω0 ) + h (t) (ω − (n − m) ω0 )

−h (t) (ω − (n + m) ω0 ) − h (t) (ω + (m + n) ω0 )

|

ζt := [sin (ω0 t) , sin (2ω0 t) , . . . , sin (nω0 t)] .

(3)

where ω0 > 0 is sufficiently large. The dither signal ζt is
defined as in Eq. (3) in order to satisfy the orthogonality
properties of the system and to obtain a correct representation
for the time-dependent functions.
Figure 1 shows the block structure of the proposed algorithm given in (2).
A. Gradient estimation
For simplicity, in this section, we consider the timedependent vector xt := x1 and we introduce the following
definition and notation.
Definition 1. For a time-dependent integrable real value
function h (t), the Fourier transform, denoted by h (t) (ω) in
the frequency domain is given by:

(6)

In particular we have that
2
sin (nω0 t) h (t) (ω) =

1
1
h
(t)
(ω)
−
h
(t)
(ω
−
2nω
)
+
h
(t)
(ω
+
2nω
)
0
0
2
4

(7)
Proof. See Hsu [15].
Notice that if in Eq. (5) if ω0 > 0 the spectrum of h (t)
is displaced around ±ω0 central frequency and in the Eq. (7)
there is exists a spectral component around the origin. This
property will be used to separate the spectrum of the gradient
estimation signal of another components.
Definition 2. Heaviside function Let us define the complex
value Heaviside function as follows:

(
Heaviside (z) :=

1
0

< (z) > 0
< (z) ≤ 0

where < (z) is the real part of z ∈ C. This definition can be
extended to a vector form as follows, let z be a complex vector
in Cn then Heaviside (z) := [Heaviside (zm )]m for every entry
m ∈ J1, nK.

Proposition 1. Let xt be a time-dependent vector in Rn and
the function f (·) given in (1) such that admits a Fourier
transform given by f (·) (ω). With the accepted assumptions
above, let ωd be the bandwidth of the gradient ∇f (·) then for
some small α > 0 and sufficiently large dither frequency ω0
of the dither signal ζt , we have that
1
1
ζt f (xt + αζt ) (ω) · H (ω) = ∇f (t ) (ω)
α
2

 
J m≈

1

 α ζt f (xt + αζt ) (ω) · H (ω) ω ≤ ωd << β << ω0


0

ω >> β

Lemma 2. With the assumptions and notation given in (1)
and (2) the dynamics ẋ1 = −µJ is stable in a zone around
the optimal point x∗1 .
Proof. See Solis et al. [33].

(8)

where t = at xt + (1 − at ) (xt + αζt ) for some at ∈ [0, 1]
and
H (ω) := Heaviside (ω + ωd ) − Heaviside (ω − ωd )

Clearly, it is not possible to obtain an analytic inverse of the
Fourier transform. However, we can consider the limit points
to approximate the expression. Then, remembering that ∇f (·)
is a limited bandwidth ωd it is possible to choose β > 0 such
that for ω ≥ 0

(9)

with 0 < ωd << ω0 .
Proof. See Solis et al. [33].
Remark 1. Notice that formula (8) represents the frequency
spectrum of the gradient ∇f (·) with some error introduced
by t . Notice that H (ω) is a transfer function for an ideal
filter implying that it is not realizable. Then, for practical
considerations it is important to design a low-pass filter with
flat response and minimum phase change of the output.
In order to attend the previous remark, let us calculate the
Taylor expansion of f (xt + αζt ) and taking into account Eq.
(8) with some algebraic manipulation we have that

Remark 2. Notice two facts, 1) substituting the value  in ρ
we get ρ = µh− this controls the velocity of convergence and
given it is possible to solve as follows
0
V (t) ≤
+ V (0) exp(−µh− t)
µh−
and, 2) if we choose a very small parameter α > 0 it is
possible to guarantee a small convergence to a zone, but the
term D̂ can present an undesirable numerical singularity.
Theorem 1. Under the above assumptions and considerations
the Optimal Seeking Algorithm given in (2) applied to the
problem (1) satisfies:
(Th1). the dynamics σ := µJ + x2 = 0 is stable,
(Th2). the global system reaches the sliding surface σ = 0
in finite time,
(Th3). the global system is stable and converges to a zone
around the optimal point.
Proof. See Solis et al. [33].
V. M ATHEMATICAL MODEL OF THE DC MOTOR

∇f (t ) = ∇f (xt ) + o α2



Now, let us consider the realizable second order filter given
by:


(
J̇o = β D̂ − Jo
(10)
J̇ = β (Jo − J)
It is possible to analyze every entry as a transfer function
as follows
 
J
1
h im = 
2
1
D̂
iω
+
1
β
m
then we have that
h
 
J m=

1
α ζf

i
(xt + αζt ) (ω)
m

2
1
β iω + 1

The standard mathematical model for a DC motor (see
Poznyak [27]) is given by
P (s) =

ω(s)
K
=
V (s)
(Js + b)(Ls + R) + K 2

(11)

where J is the total inertia of the motor and the load, b the total
viscous friction, L the equivalent inductor, R the equivalent
resistor and K the electromotive force constant that is equal to
the motor torque constant. In figure 2 we can see al diagram
of the system under discussion.
VI. N UMERICAL EXAMPLE
For numerical example we consider a system with variable
total inertia and total viscous friction, then the following
parameters: L = R = K = 1, J and b change at time 30s
from J = b = 1 to J = 1.5 and b = 2.
The functional to optimize is given by
1 2
ω̇ + (ω − ωref )2
2

Fig. 2. Motor mathematical model.

Fig. 3. Angular velocity.

where ωref is some reference for the angular velocity, in our
case is equal to 10. This functional was selected in order
to optimize the desired angular velocity and at same time
minimice the angular acceleration to reduce the consumption
of energy and the input signal was bounded.
In order to employ the algorithm we choose the following
parameters: α = 1, β = 2, µ = 10, c0 , c1 , c2 = 2, Umax = 1.5.
In figure 3 we can see the angular velocity behavior under
the algorithm with reference 10, notice that at 30s time the
change in the parameters induce a perturbation but the control
system compensates it. the figure 4 shows the optimal behavior
for the selected functional, finally the input control signal is
showed in the figure 5.
VII. C ONCLUSIONS
This conference paper presented an interesting application
of the algorithm Robust Extremum Seeking for dynamic plants
with perturbations applied to a DC motor mathematical model
and the result was satisfactory in order to hold the same
angular velocity under changes in the inertia and friction
coefficients.
The optimization was reached in the energy and minimizing
the error with the angular velocity reference.
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