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Abstract—The medical sector requires efficient applications
for the extraction of features in ECG signals. This is required
to detect diseases and abnormalities presented in the heart.
Some works consider filters based on the wavelet transform as a
standard technique. Here, we develop an unbiased finite impulse
response filter in the state space for ECG signals with optimal qlag which outperforms to wavelet-based filter techniques. Where
several simulations are compared using different types of mother
wavelets with Gaussian white noise with the UFIR filter. The
experiments are based on the MIT-BIH database using records
in normal and atrial fibrillation condition. Also, UFIR smoothing
is applied to remove motion in ECG signals caused by artifacts. Finally, temporal features extraction of the ECG signals
expressed by normalized histograms is performed. According to
the criteria of the gold standard, the results provided by the
UFIR filter demonstrate a significant separation between studied
pathologies.
Index Terms—ECG signals, atrial fibrillation, unbiased finite
impulse response (FIR), smoothing, denoising, features extraction

I. I NTRODUCTION
The electrocardiogram (ECG) signals carry essential information for making decisions about different kinds of heart
diseases. Studies of ECG signals implement different strategies
aimed at increasing the accuracy of the heartbeat features
extraction [1], [2]. But, it is still challenging to reach good
results due to the measurement noise and artifacts induced
by the data acquisition equipment [3]. In last decades, many
algorithms have been designed to analyse and extract fiducial
features of ECG signals [4], [5] and obtain information about
morphological ECG signals. The morphological features represent the fiducial points: P wave, QRS complex, and T wave
and the algorithms are applied to extract these features from
noisy data [6], [7] and solve medical issues. In the literature,
methods for denoising and features extraction in ECG signals
have been applied.
Approaches build on wavelets transform provides better
results respecting the trade off between frequency and time.
This is achievable as long as the appropriate wavelet function
is applied.
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Other works have been evaluated using machine learning
techniques. In general, the features extraction process in ECG
signals entails to rigorous studies. This is because the attached
noise in ECG signals. In particular, a powerful technique build
on smoothing filter is appropriated because it reduces the
noise keeping the fundamental properties in the ECG signals.
Specifically, the technique developed by Savitsky and Golay is
the most approaches used for smoothing signals. This is show
in many works. But, this smoothing approach just works with
a lag that represent middle of the horizon. A general method
general is known as p−shift unbiased finite impulse response
(UFIR) filtering developed by Shmaliy et al.
It provides smoothing at the middle of the averaging horizon. A more general solution is known is the p−shift unbiased
finite impulse response (UFIR) filtering developed by Shmaliy
et al. [8], [9]. This approach implies that lag q = −p > 0 must
be selected for each degree individually and not obligatorily
at the middle of the horizon to provide the best denoising
effect. It provides smoothing filtering by p < 0, filtering by
p = 0, and predictive filtering by p > 0. There were also
designed the optimal Savitsky-Golay filters for smoothing with
the minimum mean square error (MSE) [10], [11].
A drawback of the batch p-shift UFIR filter is in its slow
operation, computational burden, and complexity in features
extraction. A more efficient solution can be found if to replace
the batch form with a fast iterative algorithm. For p-shift
UFIR filtering, the discrete-time state-space iterative Kalmanlike algorithm has been originally proposed by Shmaliy in
[8] and then developed and applied with different purposes in
many papers [12], [13]. Particularly, our investigation is based
on the MIT-BIH Arrhythmia Database.
In Section II, a modelling for the ECG signal in space state
and batch and iterative unbiased FIR Filters are described.In
addition, we discuss about optimally of horizon and q-lag
for the ECG signals. In Section III, we explain the temporal
features extraction process. In Section IV, An evaluation of
denoising and features extraction is performed between the
UFIR smoothing, wavlets fiters, and Savitky/Golay smoother
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and finally, some conclusions are described about this investigation in Section V.
A. Morphological Features of ECG Signals
A heartbeat or electrocardiogram complex contains different
waves divided among themselves by distinct intervals (see fig.
1.) [14], [15] . The P-wave is the first, this wave represents
the depolarization in both, atrial right and left. Generally, the
P-wave amplitude larger is registered in LII(Lead II ), which
this does not surpass the 2, 5 mm (according to the ECG paper
) and its duration is not most than 0.1 seconds. The QRS
complex is located after P-wave and represents the ventricular
depolarization. This complex is composed by Q, R and S
points (may be called waves). Normally, the duration of QRS
complex is between 0.06 and 0.10 seconds. and varies with
heart rate (cardiac frequency) by being smaller in children.
The T-wave begins in the isophasic line and can adopt several
forms such as: tall, pointed, flattened, inverted or biphasic.
The T waves varies considerably its length, but, habitually
they measure most 2 mm of high being positive in all the
leads, excepts in aVR which is negative.
QRS
complex
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R

where, xn ∈ RK is the system state vector, yn is the scalar
observation or measurement, vn is the measurement noise,
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Cn ∈ R1×K is the observation matrix given by C =
[ 1 0 · · · 0 ]T , and vn is a measurement that represents the noise
with zero mean and unknown distribution and statistics.
B. Iterative unbiased FIR Smoothing Filtering of ECG Signals
An pseudo code listed as algorithm is developed for ECG
signals. Here the horizon N is adaptive horizon Napt. This
horizon is related with optimal and minimum horizon (Nopt
and Napt) described in [17].
In general, this filter is similar to the Kalman algorithm.
Here two steps: predict and update are expressed. In [12], a
depth description and comparison is made with different filters
are performed. Here, a brief explication of algorithm is made
considering the important variables. Firstly, the expression 4
is the prior state estimate:
x̂−
l = Axl−1

T-wave

(4)

taking account recursion the update of generalized noise
power gain (GNPG) is made.

T

P-wave
P

Gl = [CT C + (AGl−1 AT )−1 ]−1

(5)

A residual measurement is computed by
Q

Poff

Pon

S

Ton

Toff

zl = yl − Cx̂−
l ,

i

(6)

Fig. 1. Features of a heartbeat pulse represented with durations and amplitudes.

Here, it is achieved the bias correction Kl = Gl CT , and
the state estimate is provided by

II. M ODELLING OF ECG S IGNALS IN D ISCRETE -T IME
S TATE -S PACE , BATCH AND I TERATIVE UNBIASED
U NBIASED FIR F ILTERING

x̂l = x̂−
l + Kl zl .

In [16] is demonstrated that ECG signals may be modelled
in the state space. Also, a degree polynomial representation is
described as batch UFIR filter.
A. ECG Signal in State-Space
Let be to consider the expressions 1 and 2 an ECG signals
representation in the state space. Here, it is Considered a timeinvariant deterministic system with noisy measurement and
discrete-time index n.

When l = n, this algorithm finish the compilation.
C. Optimally of Horizon and q-lag
1) Optimal Horizon: Minimizing the trace of the derivative
of the mean square measurement residual value (MSV) matrix
V(N we achieve the best accuracy with Algorithm 1 if N =
Nopt . The methodology proposed in [18] is applied to find
the optimal horizon Nopt which it is considered the equation
following,
N̂opt = arg min
N

xn

=

Axn−1 ,

(1)

yn

=

Cxn + vn ,

(2)

(7)

∂ trV(N )
+1
∂N

(8)

even, a solution to the optimization issue is suggested
in [19], Here, a proposed algorithm finds the suitable Nopt
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for ECG signals. This has also been presented by LatreDominguez et. al for real database with optimal horizon
Nopt = 21, 2-degree approximation polynomial corresponding
to the K = 3 state-space model.
2) Optimal q-lag: Optimal lag qopt must be taken from the
middle of an optimal averaging horizon of Nopt points. This
is fulfilled for odd-order polynomial UFIR smoothers.
In this specific case qopt is given as


Nopt − 1
qopt =
,
(9)
2

threshold performed in the wavelet domain. Finally, the ouput
signal is Reconstructed from DWT coefficients estimated by
threshold process. In this work, the Daubechies (dB4,dB5),
Symlet (Sym4) and bior (bior 2.2) wavelets, mother label 3
for proposes of comparison.
III. T EMPORAL F EATURES E XTRACTION
In general, the features extraction process stars with the
elimination of the artefacts, this is achieved applying the
algorithm 1 on a large horizon N  Nopt (see Fig. 2).
Removed the artefacts, the annotations of arrhytmia MIT-BIH
database are considered to detect the QRS-complex. Detected
the QRS complex, easily can located the R-peak. Taking 100
samples to the left and 200 samples to right the segmentation
is create such as shown in fig. 1. Segmented the ECG signal,
the algorithm 1 is applied considering the horizon length Nopt
and Napt , which are specified in [17].
Changes
caused by the
motion of
artifacts

ECG signal with artifacts

-0.5

Amplitude

Algorithm 1 Iterative UFIR Smoothing Filtering Algorithm
for ECG Signals
Data: yn , N =Napt
Result: x̂
1: Begin :
2: for n = N − 1, N, ... do
3:
m = n − N + 1, s = n − N + K
4:
Gs = (Hm,s Hm,s )−1
5:
x̃s = Gs (HTm,s Ym,s )
6:
for l = s + 1 to n do
7:
x−
l =Axl−1
8:
Gl = [CT C + (AGl−1 AT )−1 ]−1
9:
Kl = Gl CT
−
10:
x̃l = x̃−
l + Kl (yl − Cx̃l )
11:
end for
12:
x̂n =x̂n
13:
x̂n−q =A−q x̂n
14: end for
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In this sense, let us notice that even though the Savitsky/Golay smoother [20] was derived from a different perspective. Unlike to the method proposed in [16], this smoothing
presents a optimal q-lag.
D. Validation
Briefly, the validation considers standard filter techniques
such as wavelet transform. Initially, the wavelet filter concept
is related with the discrete wavelet transform (DWT). The
Wavelet transform carries out a correlation process, thus the
output is expected to be maximal when the input signal most
like the mother wavelet. The denoising process using the
wavelet transform begins choosing the wavelet mother and
number of decomposition, here is considered the input signal.
Given the different decompositions, a threshold process is
performed which that is shrinking coefficients by hard and soft

Amplitude

0

where bxc means the floor of x, i.e. the largest integer less
than or equal to x.
For even-order polynomials , [9] suggests that lag qopt must
be given by
s
2 +1
Nopt − 1 1 Nopt
−
.
(10)
qopt =
2
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Fig. 2. Removing the artifacts by applying UFIR smoothing: (a) ECG signal
with motion artifacts and (b) ECG signals without motion artifacts under a
base line equal to zero

A. Fiducial Points Detection and Features Extraction process
As can see in Fig. 3, the UFIR smoother provides the
estimation of the ECG signal three states: 1) the de-noised
ECG signal, 2) the time derivative of the de-noised signal, and
3) the second time derivative of the de-noised signal. Given
the three states, fundamental information of P-wave, QRScomplex and T-wave, which is used to estimate the fiducial
points: P̂on as estimate of Pon , P̂ as estimate of P-peak, P̂off
as estimate of Poff , Q̂ as estimate of Q, R̂ as estimate of Rpeak, Ŝ as estimate of S, T̂on as estimate of Ton , T̂ as estimate
of T-peak, and T̂off as estimate of Toff . These points are used
for the features extraction:
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for the P wave
Pdur

=

P̂off − P̂on ,

(11)

Pamp

=

P̂ − S(P̂on ) ,

(12)

for the QRS-complex as
QRSdur
QRSamp

= Ŝ − Q̂ ,

(13)

= R̂ − S(Q̂) ,

(14)

and for the T-wave by
Tdur

= T̂off − T̂on ,

(15)

Tamp

= T̂ − S(T̂on ) .

(16)

Here, a discrete time-step τ = 1/f is due to the sampling
frequency of f = 360 Hz given by DataBase MIT-BIH
Arrhythmia. the augmented measurement matrix (6) becomes


CA−2
Hm,s = CA−1 
(18)
C
consequently, we compared performances of the UFIR
smoother relying on qopt (17) and (18) and different waveletbased filters. To test estimators, we generated a signal s(n) =
sin(n) + cos(n) corrupted by an additive zero mean white
Gaussian noise (WGN) having the variance σ 2 = 0.0625
and depicted the results in Fig. 4. As can be seen, the UFIR
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Fig. 3. Fiducial features of a single heartbeat extracted along with the spacial
points in state space using the UFIR approach: (a) first state, (b) second state,
and (c) third state.

IV. T ESTING OF THE I TERATIVE UFIR A LGORITHM AND
F EATURES EXTRACTION FOR ECG SIGNALS

Fig. 4. Denoising of a test sinusoid signal (solid) corrupted by additive
zero mean WGN using the UFIR smoother (dash-dotted) with lag q2 (10)
and (dotted) with lag q1 (9) and Daubechies wavelet-based smoothers: db4
(dashed), db5 (double-dash dotted) and sym4 (solid-dotted), and bior2.2
(solid).

smoother with qopt (10) is most successful in accuracy, since
its estimate ranges most close to the generated signal. The root
mean square errors (RMSEs) computed over 100 iterations
are shown in Fig. 5. As can see in Fig. 5, all wavelet-based
filters produce much larger errors than the UFIR smoothers
irrespective of the wavelet chosen. Analysing the smoother
used, the UFIR two performs better due to the optimal lag
(10). Different to stated by Savitsky and Golay, this experiment
evidences the fact that a lag must be selected optimally for all
even-order smoothers.
In the figure 6 all methods works with considerable performance. However, in the first time derivative (see 7) the
smoothers based on UFIR achieve a signal with less variability.

A. Iterative UFIR Algorithm Testing

B. Evaluation of Temporal Features extraction

We represent the system and measurement matrices as,
respectively,

2
1 τ τ2
(17)
A = 0 1 τ  , C = [ 1 0 0 ] ,
0 0 1

Provided estimates of the ECG signal three states, we
next conduct accurate features extraction following the above
discusses scheme, in which relations (11) and (12) are used to
extract features of the P-wave, (13) and (14) are exploited
to compute the QRS-complex duration and amplitude, and
(15) and (16) are used to extract features of the T-wave. The
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Fig. 5. RMSEs corresponding to Fig. 4 and computed over 100 iterations:
UFIR smoother with lag q2 (9) (dash-dotted) and lag q2 (10) (dotted), db4
(dashed), db5 (dash-dotted), sym2 (solid-dotted), and bior2.2 (solid).

Fig. 7. Estimates of the second state (first time-derivative) provided by the
Savitsky/Golay smoother with lag q1 (9) (dotted), UFIR smoother with lag q2
(10) (dash-dotted), and Daubechies wavelet-based filters such as db4 (dashed)
and db5 (dash-dotted) and other mother wavelets such as sym4 (solid-dotted),
and bior2.2 (solid).
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Fig. 6. ECG signal denoising by the UFIR smoother with lag q1 (9)
(dotted) and lag q2 (10) (dash-dotted) and Daubechies wavelet-based filtes:
db4 (dashed) and db5 (double-dash dotted), other mother wavelet such as
sym4 (solid-dotted), and bior2.2 (solid).

extracted features of different durations are exhibited in Fig.
8 All features extracted are supplied with expert annotations
[1], [15], [21] represented with upper and lower bounds of the
confidence interval corresponding to the probability of 95%
and high performance of fiducial points, which we consider
as a ‘gold standard.’ Specifically, Fig. 8 sketches the extracted
duration DurP of the P-wave, DurQRS of the QRS-complex,
and DurT of the T-wave. What can instantly be noticed
is a considerable difference between estimates provided by
the UFIR smoother and wavelet-based filters in favor of the
former.
The estimates provided by the UFIR smoother and waveletbased filter essentially differ from one another for the P and
T wave, while for the QRS-complex they are very consistent.

100
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500

Heart Beats

Fig. 8. Extracted features of different durations: (a) Durp of the P-wave,
(b) DurQRS of the QRS-complex, and (c) DurT of the T-wave. Expert
annotations (gold standard) [15] are represented with the upper and lower
bounds (solid lines) along with an expected average.

C. Determination of abnormalities in ECG Signals
As an example of applications, we now extract features of
the P-wave related to records with normal rhythm and atrial
fibrillation and illustrate the results obtained using the wavelet
filter with sym4 in Fig. 8 and using the UFIR smoother in Fig.
6.
The following observations follow from an analysis of this
figure (Fig. 9), the wavelet filter produce features out of the
confidence intervals for normal conditions which it is difficult
to determine the health state of the records. the UFIR smoothing provides features within of range (confidence interval)
for healthy conditions, this representation is clear and allows
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Fig. 9. Features of the P-wave duration extracted using a db4 wavelet-based
filter from the AF and Normal ECG of MIT-BIH Arrhythmia Database: (a)
Durp features from db4 wavelet, (b) Durp normalized histogram from db4
wavelet, (c) Durp features from UFIR smoothing , and (d) Durp normalized
histogram from UFIR smoothing.

a considerable discrimination between normal and abnormal
records. In this experiment, we have used different ECG from
MIT-BIH arrhythmia. Specifically, the records 100/mitdb and
219/mitdb were used.
V. C ONCLUSIONS
In this paper, a state-space UFIR smoothing approach is
developed for ECG signal denoising and features extraction.
Here we have demonstrated better results than two standard methods employing Savitsky/Golay and wavelet-based
filtering. That has become possible by designing an adaptive
UFIR smoothing algorithm operating with an optimal lag on
optimal averaging horizons. An applications given for the Pwave features extraction based on the detected fiducial points,
has shown a potential of the approach in a comparison with
wavelet-based filters. Therefore, as future work, we consider
a further improvement of the approach to be robust against
different artefacts.
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